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Abstract

Despite the huge success of deep learning, our understanding to how the non-convex neural
networks are trained remains rather limited. Most of existing theoretical works only tackle
neural networks with one hidden layer, and little is known for multi-layer neural networks.

Recurrent neural networks (RNNs) are special multi-layer networks extensively used in nat-
ural language processing applications. They are particularly hard to analyze, comparing to
feedforward networks, because the weight parameters are reused across the entire time horizon.

We provide arguably the first theoretical understanding to the convergence speed of training
RNNs (when activation functions are present). Specifically, when the weights are randomly
initialized, and when the number of neurons is sufficiently large —meaning polynomial in the
training data size and the time horizon— we show that gradient descent and stochastic gradient
descent both minimize the regression loss in a linear convergence rate, that is, € oc e (1),

*Version 1 appears on this date. Version 2 adds some missing citations of prior work. Work was done when
Yuanzhi Li and Zhao Song were 2018 summer interns at Microsoft Research, Redmond. We would like to specially
thank Greg Yang, Sébastien Bubeck and Ofer Dekel for useful conversations.
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1 Introduction

Neural networks have been one of the most powerful tools in machine learning over the past a few
decades [2, 34, 42, 50, 55, 83, 84]. The multi-layer structure of neural network gives it supreme
power in expressibility and learning performance. However, it also raises complexity concerns:
the training objective involving multi-layer (or even just two-layer) neural networks, equipped with
non-linear activation functions, is generally neither convex nor concave. However, it is still observed
that in practice, local-search algorithms such as stochastic gradient descent (SGD) is capable of
finding globally optimal solutions, at least on the training data set [102].

In recent years, there have been a number of theoretical results aiming at a better understanding
of this phenomenon. Many of them focus on two-layer (thus one-hidden-layer) neural networks and
assume that the inputs are random Gaussian vectors [11, 25, 30, 54, 68, 86, 94, 105, 106]. Some study
deep neural networks but assuming the activation function is linear [6, 9, 38]. On the technique side,
some of these results try to understand the gradient dynamics [11, 12, 20, 25, 54, 68, 86, 94, 96, 105,
106], while others focus on the geometry properties of the training objective [28, 30, 38, 75, 107].

More recently, Safran and Shamir [75] provided evidence that, even when inputs are standard
Gaussians, two-layer neural networks can indeed have spurious local minima, and suggested that
over-parameterization (i.e., increasing the number of neurons) may be the key in avoiding spurious
local minima. Later, Li and Liang [53] showed that, for two-layer networks with the cross-entropy
loss, in the over-parametrization regime, gradient descent is capable of finding nearly-global optimal
solutions on the training data. This result was later extended to the ¢3 loss by Du et al. [26].

Recurrent Neural Networks. Among different variations of neural networks, one of the least
theoretically-understood structure is the recurrent one [27]. A recurrent neural network (RNN)
recurrently applies the same network unit to a sequence of input points, such as a sequence of words
in a language sentence. RNN is particularly useful when there are long-term, non-linear interactions
between input points in the same sequence. These networks are widely used in practice for natural
language processing, language generation, machine translation, speech recognition, video and music
processing, and many other tasks [14, 16, 46, 61, 62, 76, 90, 92]. On the theory side, while there
are some attempts to show that an RNN is more expressive than a feedforward neural network [48],
when and how an RNN can be efficiently learned has nearly-zero theoretical explanation.

In practice, RNN is usually trained by simple local-search algorithms such as stochastic gradient
descent, via back-propagation through time (BPTT) [98]. However, unlike shallow networks, the
training process of RNN often runs into the trouble of vanishing or exploding gradient [91]. That
is, the value of the gradient becomes exponentially small or large in the time horizon, even when
the training objective is still constant.! In practice, one of the most popular way to resolve this
issue is by the long short term memory (LSTM) structure [43]. However, one can also use rectified
linear units (ReLUs) as activation functions to avoid vanishing or exploding gradient [77]. In fact,
one of the earliest adoptions of ReLLUs was on applications of RNNs for this purpose twenty years
ago [37, 78].

Since the RNN structure was proposed, a large number of variations have been designed over

Untuitively, an RNN recurrently applies the same network unit for L times if the input sequence is of length L.
When this unit has “operator norm” larger than one or smaller than one, the final output can possibly exponentially
explode or vanish in L. More importantly, when BPTT back propagates through time —which intuitively corresponds
to applying the reverse unit multiple times— the gradient can also vanish or explode. Controlling the operator norm
of a non-linear operator can be quite challenging.



past decades, including LSTM [43], Bidirectional RNN [80], Bidirectional LSTM [33], gate recurrent
unit [15], statistical recurrent unit [66], Fourier recurrent unit [103]. For a more detailed survey,
we refer the readers to Salehinejad et al. [77].

1.1 Owur Question
In this paper, we study the following general question

e Can ReLU provably stabilize the training process and avoid vanishing/exploding gradient?

e Can RNN be trained close to zero training error efficiently under mild assumptions?

Remark 1.1. When there is no activation function, RNN is known as linear dynamical system.
Hardt, Ma and Recht [39] first proved the convergence of finding global minima for such linear
dynamical systems. Followups in this line of research include [40, 41].

Motivation. Indeed, the ultimate question in this line would be whether RNN can be trained
close to zero generalization error. However, unlike feedforward neural networks, for RNNs, the
training error, or the ability to memorize examples may actually be desirable. After all, many
tasks involving RNN are related to memories, and certain RNN units are also referred to memory
cells. Since RNN applies the same network unit to all the input points in a sequence, the following
question can possibly of its own interest:

e How does RNN learn a new mapping (say from one input point to its output in 3 time steps),
without destroying other mappings?

Another motivation is the following. An RNN can be viewed as a space constraint, differentiable
Turing machine, except that the input is only allowed to be read in a fixed order. It was shown in
Siegelmann and Sontag [82] that all Turing machines can be simulated by fully-connected recurrent
networks built of neurons with non-linear activation functions. In practice, RNN is also used as a
tool to build the neural Turing machine [35], equipped with a grand goal of automatically learning
an algorithm based on the observation of the inputs and outputs. To this extent, we believe the
task of understanding the trainability as a first step towards understanding RNN can be meaningful
on its own.

Our Result. We answer this question positively in this paper. To present the simplest result, we
focus on the classical Elman network with ReLU activation:

he = ¢(W - hy_y1 + Axg) € R™ where W € R™*™ A ¢ R™*d
yo= B-hp € R™ where B € R¥*m

We let hg = 0 and denote by ¢ the ReLU activation function: ¢(z) = max(z,0).

We consider a regression task where each sequence of inputs consists of vectors x1, ...,z € R%
and we perform regression with respect to y7,...,y; € R?. The least-square regression loss with
respect to this input is %Zle |Bhy — y;||>. We assume there are n training sequences, each of
length L. We assume the training sequences are d-separable (say for instance vectors x; are different
by relative distance § > 0 for every pairs of training sequences). Our main theorem can be stated
as follows

Theorem. If the number of neurons m > poly(n,d, L, 6!, loge™") is polynomially large, we can
find weight matrices W, A, B where the RNN gives € training error

e if gradient descent (GD) is applied for T = Q(% log %) iterations, starting from random
Gaussian initializations; or



e if (mini-batch or reqular) stochastic gradient descent (SGD) is applied for T = Q(% log %)

iterations, starting from random Gaussian initializations.

(To present the simplest possible result, we have not tried to tighten the polynomial dependency
with respect to n,d and L. We only tightened the dependency with respect to ¢ and €.)

We believe this is the first proof of convergence of GD or SGD for recurrent neural networks
with activation functions, and possibly the first proof of finding approximate global optima on the
RNN training objective when activation functions are present.

Remark 1.2. Our theorem does not exclude the possible existence of (spurious) local minima.

Extension: Deep RNNN. One may also wish to study the convergence behavior of RNNs with
multiple layers of hidden neurons. This is sometimes referred to as deep RNN or RNN with multi-
layer perceptron [77]. Our theorem also generalizes to deep RNNs, but we do not include it in this
version of the paper, because the convergence of Elman RNN is already quite involved to prove.

1.2 Other Related Works

Another relevant work is Brutzkus et al. [12] where the authors studied over-paramterization in the
case of two-layer neural network under a linear-separable assumption.

Some other works learn neural networks using more delicate algorithms —such as tensor de-
composition [5, 17, 36, 63, 95] or tailored algorithm for the problem structure [4, 32, 104]— or
design more special activation functions [3, 64, 68, 87]. In this paper, instead, we focus on why
basic algorithms such as GD or SGD can already almost surely find global optima of the objective.

Instead of using randomly initialized weights like this paper, there is a line of work proposing
algorithms using weights generated from some “tensor initialization” process [4, 45, 81, 94, 106].

There is huge literature on using the mean-field theory to study neural networks [13, 22, 52, 60,
69-71, 74, 79, 99-101]. At a high level, they study the network dynamics at random initialization
when the number of hidden neurons grow to infinity, and use such initialization theory to predict
performance after training. However, they do not provide theoretical convergence rate for the
training process (at least when the number of neurons is finite).

Some other works focus on the expressibility of neural networks, that is, to show that there exist
certain weights so that the network calculates interesting functions. These results do not usually
cover the theoretical issue of how to find such weight parameters [8, 18, 22, 29, 44, 65, 72, 74, 93].

There is a long line of research focusing on the hardness result for neural network [10, 19, 21,
31, 47, 49, 56, 58, 88, 97].

Linear dynamical systems is an important topic on its own, and are also related to linear variants
of reinforcement learning. Some recent works on this topic include [1, 7, 23, 24, 59, 67, 85].

2At a first glance, one may question how it is possible for SGD to enjoy a logarithmic time dependency in e ';
after all, even when minimizing strongly-convex and Lipschitz-smooth functions, the typical convergence rate of SGD
is T ox 1/e as opposed to T < log(1/e).

We quickly point out there is no contradiction here if the stochastic pieces of the objective enjoy a common global
minimizer. In math terms, suppose we want to minimize some function f(z) = %Z?:l fi(z), and suppose z* is
the global minimizer of convex functions fi(x),..., fn(z). Then, if f(z) is o-strongly convex, and each each f;(x)
is L-Lipschitz smooth, then SGD —moving in negative direction of V f;(z) for a random ¢ € [n] per step— can find

. . . . . . 2 . .
e-minimizer of this function in O(% log é) iterations.



2 Notations and Preliminaries

Notations. We denote by || - ||2 (or sometimes || - ||) the Euclidean norm of vectors or spectral
norm of matrices. We denote by || - ||« the infinite norm of vectors, | - ||o the sparsity of vectors or
diagonal matrices, and || - || the Frobenius norm of matrices. We use N (i, o) to denote Gaussian
distribution with mean p and variance o; or N (i, X)) to denote Gaussian vector with mean p and
covariance .

We use 1.pent to denote the indicator function of whether event is true. We denote by 1 the
k-th standard basis vector. We use ¢(-) to denote the ReLU function, namely ¢(x) = max{x,0} =
1,>0 - . Given univariate function f: R — R, slightly abusing notation, we also use f to denote

the same function over vectors: f(x) = (f(z1),..., f(xy)) if z € R™.
Given matrix W, we denote by Wy, the k-th column vector of W. Therefore, (Wx)y = (W, x).
Given vectors vy, ...,v, € R™, we define U = GS(vy,...,v,) as their Gram-Schmidt orthonor-
malization. Namely, U = [v1,...,0,] € R™*™ where
~ U1 ~ [1521 (=50 vi

and fori>2:

T A Iy (Yo v |

Note that in the occasion that H;;ll(l - ﬁj@\;)vi is the zero vector, we let ; be an arbitrary unit
vector that is orthogonal to ©1,...,0;_1.

2.1 Elman Recurrent Neural Network

We assume that n training inputs are given, in the form of (z;1,2;2,...,%; 1) € (Rdl‘)L for each
input @ € [n]. We assume n training labels are given, in the form of (y:‘ 1 Y52 Ui 1) € (Rd)L
for each input ¢ € [n]. Without loss of generality, we assume ||z;1]| = 1 and ||z, || < 1 for every

i€[n]and £ €{2,3,...,L}. We make the following assumption on the input data (see Footnote 6
for how to relax it):

Assumption 2.1. ||z;1 — xj1]| > 0 for some parameter § € (0,1] and every pair of i # j € [n].

Given weight matrices W € R™*™ A € R™*% B ¢ R¥™*™ e introduce the following notations
to describe the evaluation of RNN on the input sequences. For each i € [n] and j € [L]:

hip =0¢eR™ Gig =W -hjp_1+ Azx;p € R™
Yie =B hig € R hig = ¢(W - hig_1 + Azig) € R™
A very important notion that this entire paper relies on is the following:
Definition 2.2. For each i € [n] and ¢ € [L], let D; o € R™*™ be the diagonal matriz where
(Dive)kvk = l(W'hi,e—1+A$i,z)k20 = l(yi,z)kZO :
As a result, we can write h;j g = D; JWh; 1.
We consider the following random initialization distributions for W, A and B.

Definition 2.3. We say that W, A, B are at random initialization, if the entries of W and A are
i.i.d. generated from N (0, %), and the entries of B; j are i.i.d. generated from N (0, é)

Throughout this paper, for notational simplicity, we refer to index ¢ as the ¢-th layer of RNN,
and h; ¢, Ty, yi ¢ respectively as the hidden neurons, input, output on the ¢-th layer. We acknowl-
edge that in certain literatures, one may regard Elman network as a three-layer neural network.



Assumption 2.4. We assume m > poly(n,d, L, %,log %) for some sufficiently large polynomial.

Without loss of generality, we assume § < for some sufficiently large constant C

1
CL2log®m
(if this is not satisfied one can decrease 0). Throughout the paper except the detailed proofs in
the appendix, we use O, 2 and © notions to hide polylogarithmic dependency in m. To simplify
notations, we denote by

p L nLdlogm and o nLds~'log(m/e) .

2.2 Objective and Gradient

For simplicity, we only optimize over the weight matrix W € R™*™ and let A and B be at random
initialization. As a result, our /3-regression objective is a function over W:3

n L
€ €] 1 €
Fw) < Z fi(W) and f;(W) < 5 Z |loss;¢||3 where loss; © Bhiy— vy - (2.1)
i=1 =2

Using chain rule, one can write down a closed form of the (sub-)gradient:

Fact 2.5. For k € [m], the gradient with respect to Wy, (denoted by Vi) and the full gradient are

n L a—1

VifW) =Y > (Backi s 10 - 1055ia)k - Pt - 1wy e ) +(Ap i esn) 20
i=1 a=2 /=1
n L a—1

VW)= Z Z Z D ( BackZHlﬁa loss;q ) - hzg

i=1 a=2 (=1
where for every i € [n], £ € [L], anda =0+ 1,0+ 2,...,L:

def

Backis ¢ = B € R™™ and Backiyq = BD; W ---Djp W € R>™

3 Our Results

Our main results can be formally stated as follows.

Theorem 1 (GD). Supposen = @)(%poly(n, d, L)) andm > poly(n,d, L, " loge™"). Let W) A B
be at random initialization. With high probability over the randomness of WO A B, if we apply
gradient descent for T steps W) = WO — vV f(W®), then it satisfies

poly(n,d, L) 1
e )

WY <e for T =9 <
Theorem 2 (SGD). Suppose n = é(%poly(n, d,L)) and m > poly(n,d,L,6 ' loge™t). Let
WO, A, B be at random initialization. If we apply stochastic gradient descent for T steps W1 =
WO — V(WD) for a random index i € [n] per step, then with high probability (over W) A, B
and the randomness of SGD), it satisfies

WY <e for T =9 (Wlogi).

3The index ¢ starts from 2, because Bhi1 = B¢(Ax;,1) remains constant if we are not optimizing over A and B.



In both cases, we essentially have linear convergence rates.* Notably, our results show that the
dependency of the number of layers L, is polynomial. Thus, even when RNN is applied to sequences
of long input data, it does not suffer from exponential gradient explosion or vanishing (e.g., 28(L)
or 2_Q(L)) through the entire training process.

4 Main Technical Theorems

Our main Theorem 1 and Theorem 2 are in fact natural consequences of the following two technical
theorems. They both talk about the first-order behavior of RNNs when the weight matrix W is
sufficiently close to some random initialization.

The first theorem is similar to the classical Polyak-Lojasiewicz condition [57, 73], and says that
[V F(W)||% is at least as large as the objective value.

Theorem 3. With high probability over random initialization W, A, B, it satisfies

mxm _ < . V(W >
YW eR with ||W — W||s < — VW) %

poly(p) Fwy

IV S)[3: IV (W[ < poly(p) x m x f(W) .

(Only the first statement is the Polyak-Lojasiewicz condition; the second is a simple-to-proof gra-
dient upper bound.) The second theorem shows a special smoothness property of the objective.

Theorem 4. With high probability over random initialization W, A, B, it satisfies for every W e
R™>™ with [|[W — W || < %\/n%g), and for every W' € R™ ™ with [|[W'[| < &,

FOV W) < W) + (VW) W) + poly(o)m'/® - /F (W) - [|W[|z + poly(p)m|[W|[3 .

At a high level, the convergence of GD and SGD are careful applications of Theorem 3 and 4
stated above (see Appendix H and Appendix I respectively).

The main difficulty of this paper is to prove Theorem 3 and 4, and we shall sketch the proof
ideas in Section 5 through 8. In such high-level discussions, we shall put our emphasize on

e how to avoid exponential blow up in L, and

e how to deal with the issue of randomness dependence across layers.

5 Basic Properties at Random Initialization

In this section we derive basic properties of the RNN when the weight matrices W, A, B are all at
random initialization. The corresponding precise statements and proofs are in Appendix B.
The first one says that the forward propagation neither explodes or vanishes, that is,

1
3= s ell2; [1gi,e

2 <O(L) . (5.1)

Intuitively, (5.1) very reasonable. Since the weight matrix W is randomly initialized with entries
i.id. from A (0,2), the norm ||[Wz|2 is around v/2 for any fixed vector z. Equipped with ReLU
activation, it “shuts down” roughly half of the coordinates of Wz and reduces the norm ||¢(Wz)||
to one. Since in each layer ¢, there is an additional unit-norm signal x;, coming in, we should
expect the final norm of hidden neurons to be at most O(L).

“We remark here that the O notation may hide additional polynomial dependency in logloge™'. This may not

be necessary, and we have not tried to tighten such log-log dependency in £ *.



Unfortunately, the above argument cannot be directly applied since the weight matrix W is
reused for L times so there is no fresh new randomness across layers. Let us explain how we deal
with this issue carefully, because it is at the heart of all of our proofs in this paper. Recall, each time
W is applied to some vector h; ¢, it only uses “one column of randomness” of W. Mathematically,
letting U, € R™*™ denote the column orthonormal matrix using Gram-Schmidt

Ur = GS (hi1, s hnshizy s hngs ooy higs s hag)

we have Whi g = WUy U, 1 hig+ W (I — Up U Vhig.

e The second term W (I—-U,_1U, 2; 1)hi ¢ has new randomness independent of the previous layers.”

e The first term WU,_q U;_ 1hi ¢ relies on the randomness of W in the directions of h; , for a < ¢
of the previous layers. We cannot rely on the randomness of this term, because when applying
inductive argument till layer ¢, the randomness of WU,_ is already used.

Fortunately, WU,_; € R™ ™) is a rectangular matrix with m > n(¢ — 1) (thanks to
overparameterization!) so one can bound its spectral norm by roughly /2. This ensures that
no matter how h;, behaves (even arbitrarily correlated with WU,_;), the norm of the first
term cannot be too large. It is crucial here that WU,_; is a rectangular matrix, because
for a square random matrix such as W, its spectral norm is 2 and using that, the forward
propagation bound will exponentially blow up.

This summarizes the main idea for proving [|h; || < O(L) in (5.1); the lower bound } can be
similarly argued.

Our next property says that in each layer, the amount of “fresh new randomness” is non-
negligible, that is,

~ 1
(I — UZ—lUE—r—l)hi,EHZ > Q(ﬁ) . (5.2)

This relies on a more involved inductive argument than (5.1). At high level, one needs to show
that in each layer, the amount of “fresh new randomness” reduces only by a factor at most 1 — %

Using (5.1) and (5.2), we obtain the following interesting property about the data separability:
(I — UU," hig1 and (I — UeU, hj o1 are (6/2)-separable, Vi, j € [n] with i # j (5.3)

Here, we say two vectors x and y are d-separable if H(I - ny/HyH%)xH > ¢ and vice versa.

We prove (5.3) by induction. In the first layer £ = 1 we have h;; and h;; are d-separable
which is a consequence of Assumption 2.1. If having fresh new randomness, given two 0 separable
vectors x,y, one can show that ¢(Wx) and ¢(Wy) are also §(1 — 0(%))—separable. Again, in RNN,
we do not have fresh new randomness, so we rely on (5.2) to give us reasonably large fresh new
randomness. Applying a careful induction helps us to derive that (5.3) holds for all layers.

Intermediate Layers and Backward Propagation. Training RNN (or any neural network)
is not only about forward propagation. We also have to bound its behavior in intermediate layers
and in backward propagation.

®More precisely, letting v = (I — Ug_lU;,l)hi,g, we have W(I — Ug_lU[—El)hi’g = (Wﬁ)“w“ Here, WH—Z” is a
random Gaussian vector in A'(0, 21) and is independent of all {hi.a | i € [n],a < (}.

5This is the only place that we rely on Assumption 2.1. This assumption is somewhat necessary in the following
sense. If x;, = x;, for some pair i # j for all the first ten layers £ = 1,2,...,10, and if y, # y;, for even just
one of these layers, then there is no hope in having the training objective decrease to zero. Of course, one can make
more relaxed assumption on the input data, involving both x; ¢ and y;,. While this is possible, it complicates the
statements so we do not present such results in this paper.



The first two results we derive are the following. For every £; > {5 and diagonal matrices D’ of
sparsity s € [p?, m%9]

WDz, -+ Die,W |, < O(L?) (5.4)
|D'W Dy, - D, WD'||, < O(v/5/v/m) (5.5)

Intuitively, one cannot use spectral bound argument to derive (5.4) or (5.5): the spectral norm of
W is 2, and even if ReLU activations (i.e., the D; ; matrices) cancel half of its 3 mass, the spectral
norm remains to be v/2. When multiplied together, this grows exponential in L.

Instead, we use an analogous argument to (5.1) to show that, for each fixed vector z, the norm of
\WD;g, - Dje,Wz||2 is at most O(1) with extremely high probability 1 — e~ 2(m/L*) By standard
e-net argument, ||[WD;y, --- D;g,Wz||2 is at most O(1) for all Fz-sparse vectors z. Finally, for a
possible dense vector z, we can divide it into L? chunks each of sparsity 75 Finally, we apply the
upper bound for L3 times. This proves Lemma 5.4. One can use similar argument to prove (5.5).
Remark 5.1. We did not try to tighten the polynomial factor here in L. We conjecture that proving
an O(1) bound may be possible, but that question itself may be a sufficiently interesting random
matrix theory problem on its own.

The next result is for back propagation. For every ¢; > (5 and diagonal matrices D’ of sparsity
s € [,OQ,mOAQ]

|BD;g, -+ Die,WD'||, < O(V/5) (5.6)

Its proof is in the same spirit as (5.5), with the only difference being the spectral norm of B is
around /m/d as opposed to O(1).

6 Stability After Adversarial Perturbation

In this section we study the behavior of RNN after adversarial perturbation. The corresponding
precise statements and proofs are in Appendix C.

Letting W, A, B be at random initialization, we consider some matrix W = W+ W for W72 <
%\/nif). Here, W/ may depend on the randomness of W, A and B, so we say it can be adversarially
chosen. The results of this section will later be applied essentially twice:

e Once for those updates generated by GD or SGD, where W' is how much the algorithm has
moved away from the random initialization.

e The other time (see Section 7.3) for a technique that we call “randomness decomposition”
where we decompose the true random initialization W into W = W+ W', where W is a “fake”
random initialization but identically distributed as W. Such technique at least traces back to
smooth analysis [89].

To illustrate our high-level idea, from this section on (so in Section 6, 7 and 8)

we ignore the polynomial dependency in ¢ and hide it in the big-O notion. ‘

We denote by .52‘,[, Gi g %i,g respectively the values of D; ¢, g; ¢ and h; ¢ determined by W and A at

random initialization; and by D; ¢ = D; ¢+ D}, giv = Gig + 9, and h; ¢ = h; ¢ + Rl , respectively
those determined by W = W + W' after the adversarial perturbation.
Forward Stability. Our first, and most technical result is the following:

2 <Om™?)  |IDjgllo < Om*?) and ||Dj,gicll> < Om™"?) . (6.1)

195 ll25 12 ¢



Intuitively, one may hope for proving (6.1) by simple induction, because we have (ignoring
subscripts in )
9o = W'Dy 1901 +WDp_1gr—1 +WDp_19p_,

~~

@ @ ®

The main issue here is that, the spectral norm of Wﬁg/_l in ® is greater than 1, so we cannot apply
naive induction due to exponential blow up in L. Neither can we apply techniques from Section 5,
because the changes such as gy_1 can be adversarial.

In our actual proof of (6.1), instead of applying induction on ®, we recursively expand @ by
the above formula. This results in a total of L terms of ® type and L terms of @ type. The main
difficulty is to bound a term of @ type, that is:

HWDfl ' --Dg2+1WD22g52H2
Our argument consists of two conceptual steps.

(1) Suppose gr, = Ge, + 9}, = Gz + Gp, 1 + 9hy 2 Where [|gp, 1 [l2 < m™% and lgj, ollec < m™, then
we argue that [ Dy ge, [l2 < O(m~Y?) and 1Dy, 9¢,ll0 < O(m?/3).

(2) Suppose we have z € R™ with |z]ls < m~/? and |z]lo < m?*?, then we show that y =

Wﬁgl e ﬁgQHWx can be written as y = y14y2 with |[y1 ]2 < O(m=2/3) and ||ya]|ec < O(m™).
The two steps above enable us to perform induction without exponential blow up. Indeed, they
together enable us to go through the following logic chain:
i

—-1/2 2/3

— s m ™ and |-y < m?
)
Since there is a gap between m~/2 and m~2/3, we can make sure that all blow-up factors are

absorbed into this gap, using the property that m is polynomially large. This enables us to perform
induction to prove (6.1) without exponential blow-up.

I+ ll2 < m= V2 and || flo < m™!
I+ llz <m™" and || - [loc <m™"

Intermediate Layers and Backward Stability. Using (6.1), and especially using the sparsity
| D'|lo < m?/3 from (6.1), one can apply the results in Section 5 to derive the following stability
bounds for intermediate layers and backward propagation:

HDMlW o Dy, W — EL&W' ' '51'732,\W/H2 < O(L7) (6.2)
|BD;¢,W -+ D ;W — BD; ;W - D ¢, W ||, < O(m!/3) . (6.3)
Special Rank-1 Perturbation. For technical reasons, we also need two bounds in the special

case of W' = yz" for some unit vector z and sparse y with ||y|lo < poly(e). We prove that, for this
type of rank-one adversarial perturbation, it satisfies for every k € [m]:

(W + Wk )| < O(m ™) (6.4)
|BD;e,W -+ D; 0, W1y, — BD; o, W -+ D ¢, W1i]|,, < O(m /) (6.5)

7 Proof Sketch of Theorem 3: Polyak-Lojasiewicz Condition

The upper bound in Theorem 3 is easy to prove (based on Section 5 and 6), but the lower bound
(a.k.a. the Polyak-Lojasiewicz condition) is the most technically involved result to prove in this
paper. We introduce the notion of “fake gradient”. Given fired vectors {l0ss;q}icin],acq2,..,L}, We



define
n L—1

Vif V) 3 (w0 hie Ligi o y)0 (7.1)

i=1 (=1

where wu; ¢ 2 ZQL:Z_H Backzgﬂ_m -loss; ,. Note that if loss; , = Bh;q — y;‘:a is the true loss vector,
then V}, f (W) will be identical to Vi f(W) by Fact 2.5. Our main technical theorem is the following:

Theorem 5. For cvery fized vectors {Iossi,a}ie[n]7ae{2,...7L}; if W, A, B are at random initialization,
then with high probability
9 v =

om

— | X loss; ¢ [|?} .
) e |7}

There are only two conceptually simple steps from Theorem 5 to Theorem 3 (see Appendix F).

e First, one can use the stability lemmas in Section 6 to show that, the fake gradient H@ fw+
W")||F after adversarial perturbation W' (with |[|[WW'||2 < \/%) is also large.

e Second, one can apply e-net and union bound to turn “fixed loss” into “for all loss”. This
allows us to turn the lower bound on the fake gradient into a lower bound on the true gradient

IVif(W +W)llp.

Therefore, in the rest of this section, we only sketch the ideas behind proving Theorem 5.
Let (i*,£*) = argmax; ,{||loss; ¢ [[2} be the sample and layer corresponding to the largest loss.
Recall W, A, B are at random initialization.

7.1 Indicator and Backward Coordinate Bounds

There are three factors in the notion of fake gradient (7.1): (u;¢)r € R the backward coordinate,
h;¢ € R™ the forward vector, and 1(y, ,. ), >0 € {0,1} the indicator coordinate. We already know
very well how the forward vector h;, behaves from the previous sections. Let us provide bounds
on the other two factors at the random initialization. (Details in Appendix D.)

Our “backward coordinate bound” controls the value of (u;¢);: at random initialization,

(w0 )| > M for at least 1 — o(1) fraction of k € [m)] (7.2)

The main idea behind proving (7.2) is to use the randomness of B. For a fixed k € [m], it is in fact
not hard to show that ‘(ui*,g*) k| is large with high probability. Unfortunately, the randomness of
B are shared for different coordinates k. We need to also bound the correlation between pairs of
coordinates ki, ko € [m], and resort to MiDiarmid inequality to provide a high concentration bound
with respect to all the coordinates.

Our indicator coordinate bound controls the value (g; ¢11); inside the indicator functions 1, )0
It says, letting 54 S [;% and B_ S ;%O, then at random initialization, for at least ﬁ(p) fraction of

the coordinates k € [m],

B+  fori#i* and £ =(*, or

8
. < — ; > —
|(gz N4 +1)k| > \/m and |(gz,£+1)k| = \/ﬁ for i € [n] and £ > 0*. (73)

This should be quite intuitive to prove, in the following two steps.

m coordinates k € [m] with |(g p=41)k] < L\/_R

To show this, we write (gi g«+1)k = (WUpUpshix g + Az g=41), and prove that for every

z € R™" with bounded norms (by e-net), there are at least ﬁ(p)m coordinates k € [m] with

e First, there are —%—~
poly(p)

10



(WU z + Az p=41)1| < L\/—m This is possible using the independence between WUy« and A.

e Then, conditioning on the first event happens, we look at |(g;¢+1)k| for (1) each i # i* and
¢ =10*, or (2) each i € [n] and £ > ¢*. In both cases, even though the value of g;- ¢+ is fixed,
we still have sufficient fresh new randomness (by invoking (5.3) for case (1) and (5.2) for case
(2)). Such additional randomness can make sure that, with high probability (over the fresh

new randomness), the value of (g;¢+1)x is larger than 5%

7.2 Thought Experiment: Adding Small Rank-One Perturbation

We now focus on a fixed coordinate k € [m] satisfying (7.3) and (7.2) in the Section 7.1, and denote
by Vie g det (I=Ups_1UL _ hyx = .

v I(I=Upx 1 Uy hix o ||

For analysis purpose, imagine that we apply a small random perturbation W}, to the already-
randomly initialized matrix W, in the rank-one direction llkv;’é*. Namely, we set W] =g-1 kv; e
where g ~ N(0,60%) and 6 is a parameter satisfying I« o< B—\/}n Using the fact that k satisfies

Jm
(7.3), one can show that”

(a) 14, s11),>0 Stays the same with respect to perturbation W/, except for i = ¢* and ¢ = £*; and

(b) 1(,. op1)p>0 can be 0 or 1 each with at least constant probability over W,

At the same time, using the fact that k satisfies (7.2), one can show that
(c) hig and (u;e)r does not change by much (owing to Section 6); and
(d) |(ui= p=41)k| > M is large (owing to (7.2)).

Putting (a), (b), (c), and (d) together, we know for such specially chosen k, at least with constant

probability over the random perturbation of W/,
|| loss;« ¢« ”2>

VsV +Wlle > 0(F

(7.4)

7.3 Real Proof: Randomness Decomposition and McDiarmid’s Inequality

There are only two main differences between (7.4) and our desired Theorem 5. First, (7.4) gives a
gradient lower bound at W + W}, while in Theorem 5 we need a gradient lower bound at random
initialization W. Second, (7.4) gives a lower bound on Vi f(-) with constant probability for a small
fraction of good coordinates k, but in Theorem 5 we need a lower bound for the entire V f ().

Randomness Decomposition. To fix the first issue, we resort to a randomness decomposition
technique at least tracing back to the smooth analysis of Spielman and Teng [89]:

Proposition 7.1. Given small constant 6 € (0,1) and m-dimensional random g ~ N(0, 1), we
can rewrite g = g1 + g3 where g1 follows from N'(0, 1) and g3 is very close to N(0, %I).

"Specifically,

e For every ¢ < £*, we have (g;¢+1)r is unchanged with respect to Wj. This is because g; ¢+1 only depends on
the randomness of WU,, but v; ¢« is orthogonal to the columns of Uy,.

e For i =4 and i = £*, we have (g;,¢+1)r will change sign with constant probability with respect to Wj,. This is

because ||W} ]| is above % — the original (gs,¢+1)r before perturbation.
e TFor any other i and £, we have (g; ¢+1)x Will not change sign with high probability with respect to Wj.. This is
because ||W}]| is below % — the original (gi ¢+1)r before perturbation.

11



(Note that there is no contradiction here because g; and g3 shall be correlated.)

Proof. Let g1,92 € R™ be two independent random vectors sampled from A(0, %I ). We can
couple them and make sure g = V1 — 6291 +60go. We now choose g3 = go — (1 —+v/1 — 62)g;. Since
(1 —+1—62) < O(6?), when @ is sufficiently small, we know that g3 is close to being generated
from distribution A(0, %I ). []

Using Proposition 7.1, for each good coordinate k, instead of “adding” perturbation W}, to W,
we can instead decompose W into W = Wy + W/, where Wy is distributed in the same way as W.
In other words, Wy is also at random initialization. If this idea is carefully implemented, one can
immediately turn (7.4) into

|| loss« ¢+ [|2
p

Extended McDiarmid’s Inequality. To fix the second issue, one may wish to consider all the
indices k € [m] satisfying (7.3) and (7.2). Since there are at least poly( y fraction of such coordinates,
if all of them satisfied (7.5), then we would have already proved Theorem 5. Unfortunately, neither
can we apply Chernoff bound (because the events with different k& € [m| are correlated), nor can
we apply union bound (because the event occurs only with constant probability).

Our technique is to resort to (an extended probabilistic variant of) McDiarmid’s inequality (see
Appendix A.6) in a very non-trivial way to boost the confidence.

Give any fixed subset N of cardinality |N| = (poly(p)/d)?, one can show that there again exists
ﬁ(p) fraction of coordinate k € N satisfying (7.3) and (7.2).® Now, instead of decomposing
W = Wy + W/, we decompose it as W = Wi + Wy for Wy, = u Nfu; s~ Where uy is only supported
on coordinates k € N. In other words, we simultaneously perturb in the directions of W, for all

Ik W)l = IV f(Wo + Whlr = 9 ) (7.5)

k € N. Since this perturbation is still small enough —i.e., |[Wj |2 < one can show that

(7.5) remains true, that is, for a large fraction of k € N, with at least constant probability over
W

S loss;+ ¢
196 (Vi + Wil > Q(W) | (7.6)

In order to apply McDiarmid’s, we next need to bound on the difference between ||V}, f (Wi+Wi)lle
and ||Vif(W1 + Wy + W[ for an arbitrary (but small) perturbation W' (in the direction of
10} ,.). We show that,

A~ AN N
S 190+ Wil - I9um 4 Wi+ Wl <0 (4 10) e
ke[N]

In other words, although there are |N| difference terms, their total summation only grows in rate
% according to (7.7). After applying a variant of McDiarmid’s inequality, we derive that with
high probability over W, it satisfies

A~ A~ ik Pk 2
S IRV = 3 190700 + W51 = o (15 ) 73)

kEN keN poly(p

Finally, by sampling sufficiently many random sets N to cover the entire space [m|, we can show

|| loss;« ¢+ |13
= —_—m .
IV £W)I17 = k}qmj]uka i 2 07 m)

8We use (poly(p))? to emphasize that the first polynomial needs to be bigger than the second poly(p).
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and therefore Theorem 5 holds.

8 Proof Sketch of Theorem 4: Objective Smoothness

The objective smoothness Theorem 4 turns out to be much simpler to prove than Theorem 3.
It only relies on Section 5 and 6, and does not need randomness decomposition or McDiarmid’s
inequality. (Details in Appendix G.)

Recall that in Theorem 4, W, A, B are at random initialization. W is an adversarially chosen
matrix with |[|[IW — W|| < %\/}ng)? and W' is some other adversarial perturbation on top of W,

satisfying ||WW'|| < % We denote by

° EM, Gi g 7%',@ respectively the values of D; ¢, g; ¢, h;¢ determined by weight matrix W;
° Di’g, Ji e iuzi,g, |OUSSZ"Z respectively those of D; 4, gi¢, hi¢ and loss; o at weight matrix W; and
® Dy, gis, hig respectively the values of D; g, g;¢, hi¢ at weight matrix W = W+ W'

v

Our main tool is to derive the following strong formula for h;, — h;¢: there exist diagonal
matrices D}, € R™*™ with entries in [~1,1] and sparsity || D [lo < O(m?/3) such that,

~
|

1
hig —hig=Y (Dig+DI)W -+ W(Djar1+ D}lyi)W'hia (8.1)

a=1

In particular, (8.1) implies ||h; ¢ — 71ng < O(L?)||W'||2 after careful linear-algebraic manipulations
(esp. using (5.5)). The main take-away message from (8.1) is that, this difference h;, — 711,@ is
proportional to the norm of the perturbation, ||W’||2, no matter how small it is. In contrast, in
(5.1), we only derived a weak upper bound of the form | h; o — 7LMH < O(m~1?). Nevertheless, the
proof of (8.1) relies on (5.1), so we are not duplicating proofs.

Finally, we carefully derive that
FOV +W') = f(W) = (VF(W), W)
n L T -1 1
=> " loss; ;B ((hw —hig) = D W - WDWHW'hZ-,a) + 5l B(his — Rio)l? (82)
=1 (=2 a=1

and plug (8.1) into (8.2) to derive our final Theorem 4.

9 Appendix Roadmap

Appendix A recalls some old lemmas and derives some new lemmas in probability theory.

Appendix B serves for Section 5, the basic properties at random initialization.

Appendix C serves for Section 6, the stability after adversarial perturbation.

Appendix D, E and F together serve for Section 7 and prove Theorem 3, the Polyak-Lojasiewicz
condition and gradient upper bound. In particular:

— Appendix D serves for Section 7.1 (the indicator and backward coordinate bounds).

— Appendix E serves for Section 7.3 (the randomness decomposition and McDiarmid’s in-
equality) and proves Theorem 5.

— Appendix F shows how to go from Theorem 5 to Theorem 3.

13



e Appendix G serves for Section 8, the proof of Theorem 4, the objective smoothness.
e Appendix H gives the final proof for Theorem 1, the GD convergence theorem.
e Appendix I gives the final proof for Theorem 2, the SGD convergence theorem.

Parameters. We also summarize a few parameters we shall use in the proofs.

e In Definition D.1, we shall introduce two parameters
B+ = — and f_ = —=
2 pl0

to control the thresholds of indicator functions (recall Section 7.1).

e In Definition E.3, we shall introduce parameter

b lpt-Bo,p> 5]
to describe how much randomness we want to decompose out of W (recall Section 7.2).

e In (E.13) of Appendix E.4, we shall choose

p22

e BT
which controls the size of the set N where we apply McDiarmid’s inequality (recall Section 7.3).

N

14
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A Preliminaries on Probability Theory

The goal of this section is to present a list of probability tools.
e In Section A.1, we recall how to swap randomness.
In Section A.2, we recall concentration bounds for the chi-square distribution.
In Section A.3, we proved a concentration bound of sum of squares of ReLU of Gaussians.
In Section A.4 and Section A.5, we show some properties for random Gaussian vectors.
In Section A.6, we recall the classical McDiarmid’s inequality and then prove a general version
of it.

A.1 Swapping Randomness

Fact A.1 (probability splitting). If f(X,Y’) holds with probability at least 1 — &, then
e with probability at least 1 — /e (over randomness of X ), the following event holds,
— f(X,Y) holds with probability at least 1 — /e (over randomness of Y ).
In other words,

Pry Pry[f(X,Y)] > 1— & > 1 - V&
Fact A.2 (swapping probability and expectation). If Prxy[f(X,Y) > a] > ¢, then

1:)’(1' [Il@[f(X,Y)] > aa/Q} >e/2.

Proof. We prove it by making a contradiction,
Suppose

1:)’<r [Ig[f(X,Y)] < as/Q} >1—-¢/2,

which illlplieS that
}f,]r'[‘j ( ) ) = CL‘ ] >¢

A.2 Concentration of Chi-Square Distribution

Lemma A.3 (Lemma 1 on page 1325 of Laurent and Massart [51]). Let X ~ X be a chi-squared
distributed random variable with k degrees of freedom. FEach one has zero mean and o2 variance.
Then

Pr[X — ko? > (2Vkt + 2t)0?] < exp(—t)
Pr[k:02 - X > 2%02] < exp(—t)
One straightforward application is
Lemma A.4. Let 21,72, - , &, denote i.i.d. samples from N(0,0%). For any b > 1, we have

Pr [|ll2] — no?| > 70| < 2exp(—n/(8b).

Proof. We choose t = k/(8b?) in Lemma A.3,

2n 2n

Pr llel} — no®| > (S + 3

w] < 2exp(—n/(812)).
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Since % + 827’5 < 277811, + 28—’; < n/b. Thus,

Pr [[llo]} - no?| = Fo?| < 2exp(—n/(8%),

which completes the proof. ]
Lemma A.5. Let x1,72, -+ , Ty, denote i.i.d. samples from N'(0,1), and y; = max{z? —logm,0}.
We have

Pr

Z?Ji > Qﬁ] < e VM)
=1

Proof. First of all, letting g = v/logm,

2

o0 €X _LQ T — 2 _9_
Bl - | p(jz;( d R R

On the other hand, each random variable y; is O(1)-subgaussian. By subgaussian concentration,

Pr Zyi > 2%] < e~ Svm)
i=1
L]
A.3 Concentration of Sum of Squares of ReLU of Gaussians
Lemma A.6 (Upper bound). Given n i.i.d. Gaussian random variables x1,xa,- -+ ,z, ~ N(0,0?%),

we have
n 1/2
Pr (Z max(xi,0)2> < (14+e)/n/20| >1—exp(—>n/100).
=1

Proof. Using Chernoff bound, we know that with probability 1 — exp(—&*n/6), > 1 ; max(z;,0)?
is a at most degree-(1 + )5 Chi-square random variable. Let us say this is the first event.
Using Lemma A.3, we have

Pr[X > ko? + (2Vkt + 2t)0?] < exp(—t)

— Pr[X > ko? + (2¢k + 2¢%k)0?] < exp(—£%k) by choosing t = &%k
= Pr[X > k(1 +4e)0?] < exp(—e?k)
— Pr [X > (1+e)(1+ 45)202] < exp(—e2(1 + €)n/2) by k= (1+¢)n/2

Thus, we have with probability at least 1 — exp(—&2n/2),
X<+ 45)2202.

Let the above event denote the second event.
By taking the union bound of two events, we have with probability 1 — 2 exp(—&2n/6)

n 1/2
<Z max(z;, 0)2> <X <(1+ 48)%0’
=1

Then rescaling the ¢, we get the desired result. O]
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Lemma A.7 (Lower bound). Given n i.i.d. Gaussian random variables x1, 2, , Ty, ~ N(0,02),
we have

n 1/2
(Z max(xi,0)2> > (1—e)y/n/20| > 1 —exp(e’n/100)

Proof. Using Chernoff bound, we know that with probability 1 — exp(—&*n/6), > 1 | max(z;,0)?
is a at most degree-(1 — €)5 Chi-square random variable. Let us say this is the first event.
Using Lemma A.3, we have

Pr[X < ko? — 2Vkto?] < exp(—t)

Pr[X < ko? — 2cko?] < exp(—e2k) by choosing t = 2k
— Pr[X < ko?(1 —2¢)] < exp(—£%k)
Pr [X <(1-e)(1- 25)502] < exp(—£2(1 — £)n/2) by k= (1 — )n/2

Thus, we have with probability at least 1 — exp(—e2n/4),
X>(1- 25)2302.

Let the above event denote the second event.
By taking the union bound of two events, we have with probability at least 1 — 2 exp(—<2n/6),

Then rescaling the ¢, we get the desired result. O]
Combining Lemma A.7 and Lemma A.6, we have

Lemma A.8 (Two sides bound). Given n i.i.d. Gaussian random variables xi,xo, - Ty ~

N(0,0?), let ¢(a) = max(a,0)?. We have
I;r [Hgf)( M2 € (1 —e)v/n/20,(1+¢e)\/n/20 } > 1 — 2exp(—e2n/100)

Corollary A.9 (Two sides bound for single matrix). Let x € R™ denote a fized vector. Given a
random Gaussian matriz A € R™*™ where each entry is i.i.d. sampled from N(0,202/m).

Prlo(Az)ll2 € (1 —e)fz]l20, (1 +e)l|zfl20)] = 1 — 2 exp(—€°m/100).

Proof. For each i € [m], let y; = (Az);. Then y; ~ N(0,52), where 52 = 202/m - ||z||3. Using
Corollary A.8, we have

Pr[6(y)]l2 € (1 - £)v/m/25, (1 +)v/m/25)| 2 1~ 2exp(~em/100)
which implies

Prilloll2 € (A —e)flzllzo, (1 + e)lall20)] 2 1 — 2 exp(—€*m/100).

Since y = Ax, thus we complete the proof. O]
Corollary A.10 (Two sides bound for multiple matrices). Let x1,x3, - ,x) denote k fized vectors
where x; € R". Let x = [z] xg -+ x}|T € R™ where n = Zle n;. Let Ay, As,--- Ay denote
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k independent random Gaussian matrices where each entry of A; € R™*™ s i.i.d. sampled from
N(0,202/m) for each i € [k]. Let A=[A; Ay - Ay]. We have
1/2

k 1/2 k
f;ll‘ p(Az)|l2 € [ (1—¢) <Z HﬂCz‘@Uz‘Q) ,(1+¢) (Z |33z‘\|30i2) > 1 — 2exp(—e°m/100).
i=1 =1

Proof. 1t is similar as Corollary A.9. ]

Lemma A.11. Let h,q € RP be fized vectors, W € R™*P be random matriz with i.i.d. entries
Wi ; ~ N(0, %), and vector v € R™ defined as v; = 1w, h1qy>0(Wi, h). Then, the absolute values

m|lv]3
[

of coordinates |v;| follow from i.i.d. folded Gaussian distributions |N (0, %)] In particular,

is in distribution identical to Chi-square distribution X2,.

A.4 Gaussian Vector Percentile: Center

Fact A.12. Suppose x ~ N(0,0?) is a Gaussian random variable. For anyt € (0,0] we have

Prlz > 1] € [;(1 - §§> %(1 - ;;)] |

Similarly, if x ~ N (u,0?), for any t € (0,0], we have

4t 2t
Prljz|>te [1—--—,1—2-]|.
ol 2 ¢ € [1-32.1- 2]

Lemma A.13. Let x ~ N(0,02I). For any a € (0,1/2), we have with probability at least 1 —
exp(—a?m/100),

o there exists at least 1(1 — ) fraction of i such that z; > 5a0 /16, and

e there exists at least (1 — ) fraction of i such that z; < —5ao /16 .

Proof. Let ¢; = 4/5. For each i € [m], we define random variable y; as

)L, ifa > ac/(4er);
vi= 0, otherwise.

Let p = Pr[y; = 1]. Using Fact A.12 with ¢ = ao/(4c1), we know that p > 1(1 — a/4). Letting
Y =Y, yi, we have u = E[Y] = mp > 3(1 — a/4)m. Using Chernoff bound, we have

Pr[Y < (1 —0)p] < exp(—0%u/2).
Choosing § = %a, we have

Pr[Y < (1—a/4)u] < exp(—a®u/32)
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Further we have

Pr(¥ < 5(1—a)m] < Pr[y < (1—a/0) (1 —a/tym] by (1-0) < (1 - a/4)’
< Prly < (1 - a/4)4] by > (1~ a/t)m
— PrlY <(1-8)4 by 6 = a/4
< exp(—a’p/32)
< exp(~a? (1 - a/4)m/32) by > (1~ a/t)m
= exp(—a?(1 — a/4)m/64) . ]

We provide the definition of («, 0)-good. Note that this definition will be used often in the later
proof.

Definition A.14 ((«,0)-good). Given w € R™, we say w is («,0)-good if the following two
conditions holding:
e there are at least %(1 — ) fraction coordinates satisfy that w; > ao; and

e there are at least %(1 — «) fraction coordinates satisfy that w; < —ao.
Lemma A.13 gives the following immediate corollary:

Corollary A.15 (random Gaussian is (o, 0/4)-good). Let x ~ N(0,0%I). For any a € (0,1/2),
we have with probability at least 1 — exp(—a?m/100) that x is (o, 0 /4)-good.

Corollary A.16. Let x1,x2, -,z be k fized vectors where x; € R™, and Ay, As,--- , Ay be
k independent random Gaussian matrices where each entry of A; € R™*™i s i.i.d. sampled from
N(0,02) for eachi € [k]. Denote by x = (x1,...,x1) € R™ forn = Zle ni, A=[A1,Ag,--- A €

1/2
R™*" and o = (Zle U2Hle§> . For any fized parameter o € (0,1/2), we have

7

Az = Ayxy + - Apy, is (v, 0/4)-good with probability at least 1 — exp(—a?m/100).

Proof. 1t is clear that Az follows from a Gaussian distribution A/(0, (Zle o?||xi[|3)1), so we can

directly apply Corollary A.15.

A.5 Gaussian Vector Percentile: Tail

Lemma A.17. Suppose W € R™*"™ is a random matrix with entries drawn i.i.d. from ./\/(0, %)

Q(slog?m

Given d < s < m, with probability at least 1 — e~ ), for all x € R™, letting y = Wx, we can

write y = y1 + y2 with

Vslog?m logm
lyill < —7=—"llzll and [jy2lloc < —= -l .
vm vm

Proof of Lemma A.17. Without loss of generality we only prove the result for ||z| = 1.
Fixing any such z and letting 8 = 120%, we have y; ~ N (0, 2) so for every p > 1, by Gaussian
tail bound

Prlly;| > Bp] < e 0P m)
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Since 82p*m > B%m > Q(logm), we know that if |y;| > Bp occurs for ¢/p? indices i out of [m], this
cannot happen with probability more than
2
< m2> « (Q_Q(BQPQm)>q/p < 61’% (O(logm)fﬂ(ﬂQPQm)) < e_Q(Bqu) '
q/p
In other words,
. _ 2
Pr [|{i € [m]: ;| > Bp}| > q/p?] < e am)
Finally, by applying union bound over p = 1,2, 4,8, 16, ... we have with probability > 1 — e~ UBqm).
log g,
[log q] [log q] q
Z y? < Z (2k+13)2 Hz € [m]: |yi| > 2]‘76}‘ < Z (2k+1)2. 2% <4qB%logq . (A1)
i lys|>p k=0 k=0
In other words, vector y can be written as y = y; + y2 where ||y2]|oo < B8 and ||y1]|? < 4¢5%logq.

slog®m
mp32

at least 1 — e~2(F%m) > 1 _ Qs log?m)_ Finally, applying standard e-net argument over all unit
vectors © € R™, we have for each such z € R", we can decompose y = Wz into y = y1 + y2 where

At this point, we can choose ¢ = = 4s so the above event happens with probability

logm

Jm

A.6 McDiarmid’s Inequality and An Extension

8slog®m ]

[y2llo0 <28 = and [[y1[|* <

We state the standard McDiarmid’s inequality,

Lemma A.18 (McDiarmid’s inequality). Consider independent random variables x1,--- ,x, € X
and a mapping f : X" — R. If, for all i € [n], and for all yi,--- ,yn,y;, € X, then function f
satisfies

|f(?/1, yYi—1,Yis Yit+1, 7yn) - f(yla 7yi—1ay§7yi+1)”' 7yn)| S Ci.

Then
2

Pr(f(z1, - ,zn) —Ef > 1] > exp( 5)s

> i1 €
22 )
Z?:1 sz .

We prove a more general version of McDiarmid’s inequalit
)

Pr(f(r1,- -+ an) —E f < —f] > exp(

Lemma A.19 (McDiarmid extension). Let wy,...,wxn be independent random variables and
fi(wy,...,wN) — [0,1]. Suppose it satisfies:
o By owy [f(wi,...;wN)] > 1, and
o With probability at least 1 — p over wi, ..., wy, it satisfies
Vk € [N],Vwyg: | f(w_g, wi) — fw_p,wi)| < c (A.2)

2

Then, Pr[f(wi,...,wy) > p/2] >1— NQ\/QB— eQ(N(_cgﬂﬂ)) .

Proof of Lemma A.19. For each t € [N], we have with probability at least 1 —/p over wy, ..., wy,
it satisfies

Pr [vke [N Vufl: |f(wwr) — flw i wf)| < >1-p .
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Define those (wi, ..., w;) satisfying the above event to be K<;.

Define random variable X; (which depends only on wy,...,w;) as
X = wﬂi (@) [ wet] Lwey, o wzeRarxke, N = Lwgy e )ekarxxKz,)
For every t and fixed wy, ..., w_1.
o If (w<y,...,wet) & K<g X -+- X Ky, then Xy = X1 = N.
o If (w<y,...,wet) € K<p X -+ - X Koy,
- Ifw<; & K<y, then X4 — X4y 1 =N —---2>0.

- If w<t € th, then
X —Xio1 = E [flwc, w,ws) [ w] — B [f(wer, wi, wse) | we
w>t W>t
Recall from our assumption that, with probability at least 1 — /p over w; and wsy, it
satisfies
ijlfl: |f(/w<t7/w£/a w>t) - f(w<tawt)w>t)’ S C
Taking expectation over wy and w~;, we have
ngi E [f(w<t,w£’,w>t)] - E [f(w<tawt7w>t)] > —(C+ \/]3)
W>t W>t
This precisely means X; — X; 1 > ¢+ /p.
In sum, we have just shown that X; —X; 1 > —(c+,/p) always holds. By applying martingale
concentration (with one-sided bound),
—42
PriXy—Xp<—t]<exp| ——
=30 < <o (i )

Notice that Xy = p so if we choose t = 11/2, we have

2
Pr(Xy > p/2] > 1 —exp (W)

Recalling
XN = f(u_j)]'(wSl,...,wSt)EKglX---XKSt + N(l - 1(w§1,...,w§t)€K§1><---><K§t)

and we have Xy = f(wy,...,wy) with probability at least 1 — N,/p (and Xy = N with the
remaining probabilities). Together, we have the desired theorem.

]
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B Basic Properties at Random Initialization

Recall that the recursive update equation of RNN can be described as follows

hip =0 Vi € [n]
hig=¢(W - hig—1+ Az;y) Vi € [n],Ve € [L]
Yie =B hiy Vi € [n], V¢ € [L]

Throughout this section, we assume that matrices W € R™*™ A € R™*% B ¢ R¥X™ are at
their random initialization position: each entry of W and A is sampled i.i.d. from N(0, %) and
each entry of B is sampled i.i.d. from N(0, ). We recall

Definition 2.2. For each i € [n] and ¢ € [L], let D;y € R™*™ be the diagonal matricz where

(Di)kk = L(Wohs o1+ Aze. x>0 = L(gio)u>0 -

As a result, we can write hj g = D; (Wh; 1.
We introduce two notations that shall repeatedly appear in our proofs.
Definition B.1 (U). Let Uy € R™ ™ denote the column orthonormal matriz using Gram-Schmidt
Ur = GS (hity s bt iy hngy ooy higye ooy Bing)
Definition B.2 (v; (). For each i € [n], { € [L], we define vector v; ¢y € R™ as

(I —UraUy)hig
(I = Up—1U," )il

Vi =

Roadmap.
e Section B.1 proves that the forward propagation ||h; ¢||2 neither vanishes nor explodes.
e Section B.2 gives a lower bound on the projected forward propagation ||(I — UgU," )h; ¢11]|2-

e Section B.3 proves that for two data points i,j € [n], the projected forward propagation
(I — UgU;)hMH and (I — UgUZT)hMH are separable from either other.

e Section B.4 and Section B.5 prove that the consecutive intermediate layers, in terms of spectral
norm, do not explode (for full and sparse vectors respectively).

e Section B.6 proves that the backward propagation does not explode.

B.1 Forward Propagation

Our first result of this section is on showing upper and lower bounds on the forward propagation.

Lemma B.3 (c.f. (5.1)). With probability at least 1 — exp(—$(m/L?)) over the random initial-
ization W, A (see Definition 2.3), it satisfies

Vic[n], V0e{0,1,....,L—1} : (1—1/(4L)" <|lhigs1ll2 < 2+ 4.
lgiev1ll2 < 40+ 8.

We prove Lemma B.3 by induction on ¢ € [L]. We only prove the h; ¢+1 part and the g; o1 part
is completely analogous.

For the base case £ = 0, we have ||z;1]|2 = 1 and h;; = ¢(Ax;1). Using Corollary A.10 we have
1 —1/4L < ||h;all2 € 1+ 1/4L with probability at least 1 — exp(—Q(—m/L?)). We proceed the
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proof for the case of ¢ > 1, assuming that Lemma B.3 already holds for 0,1,...,¢ — 1. We first
show

Claim B.4. With probability at least 1 — exp(—(m/L?)) over W and A,
Vi € [n]: [[hieqall2 < (1 +1/L)([|hiell2 +1)

Note if Claim B.4 holds for all £ = 0, 1,...,£—1, then we must have ||h; ¢[|2 < (14+1/L)*||hi o2+
S A+ 1/L) =1+ 1/L) + S5 (1 +1/L) < 20 + 4.
Proof of Clavm B.4. Recall the definition of h; , € R™, we have

[hiesalle = 16W - hie + Az p11)]]2
We can rewrite vector Wh;, € R™ as follows
Whiy = WU Ul hig+W(I —Up_ U )hiy
(I —Up—1U,"))hig

(I = Up—rU," )higl2
= WUr1U 1 hig + Woig - |(I = U1 U1 )i g

= WU U hig + W NI = Upmr UL )il

where the last step follows by definition of v;¢ (See Definition B.2). Define z; € R 25 €
R, z3 € R as follows

2 =Ul qhig, 20= I = UerUDhigll2, 23 = 24041 (B.1)
Then
21113 + 25 + [|2sl13 = U hiell3 + 1(1 = Ue—rU,Z)haglls + @043
= ||hiell3 + l|Ties1ll3 < llhiel3 +1 . (B.2)

We can thus rewrite
th‘j + Al‘@g.,_l =WUp_121 + sz‘jzz + Az

21
= [Ml M2 Mg] zZ9
z3

=Mz,
where the last step follows by defining M e R™*(n({=D+1+d) a4 follows,
M = [Ml M2 Mg] = [WUg,1 W’Ui,g A] (B3)

We stress here that the entries of My, Mo, M3 are iid. from N(0,2).° We have ||h; 1] =
[6(Whig + Aziga)| = [6(M - 2]

Next, applying Corollary A.10, we know that if z1, 29, 23 are fixed (instead of defined as in
(B.1)), then, letting Choosing ¢ = 1/2L, we have

Pr|lhseril < (1+e) /a0l + 2 + 0| = 1= exp(~0(e2m)) -

9Indeed, after Gram-Schmidt we can write Uy_; = [711, ... ,ﬁn(g,m], where each Ej only depends on the randomness

of A and Why,... ,E]'_l]. In other words, conditioning on any choice of A and W[ﬁl, .. ,Ej_l], we still have Wﬁj
is an independent Gaussian vector from N(0, %I) Similarly, v; , may depend on the randomness of A and WU,_1,
but conditioning on any choice of A and WU,_1, we still have Wu; ¢ follows from N(0, %I) This proves that the
entries of M1y, M2, M3 are independent.
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To move from fixed choices of z; and 29 to all choices of z; and z, we perform a standard e-net
argument. Since the dimension of z; and zo are respectively n(¢ — 1) and 1, the size of e-net for z;
and zy is at most e?("L1°8 L) Thus, with probability at least 1 — eQ(LlogL+logn) . oxp(—Q(e2m)) >
1 — exp(—Q(e%m)) we have: for all z; € R**"1 and z, € R satisfying ||z1|| < 2L +4 and 0 < 2 <
2L + 4, and fixed 23 = @ ¢41,

Mhiestll < (1 +26) - /llz1l13 + 23 + 1233

In particular, since we have “for all” quantifies on z; and z9 above, we can substitute the choice of
z1 and 23 in (B.1) (which may depend on the randomness of W and A). This, together with (B.2),

gives
Pr |||hesillz < (1 4€) - \/[[hiell3 + 1] > 1 —exp(—Q(e*m)) . ]

Similarly, we can prove a lower bound

Claim B.5. With probability at least 1 — exp(—Q(m/L?)) over W and A,
1
. > (1 — — ) )
Isenlle 2 (1= 22 hil

Proof. We can define z1, 29, z3 in the same way as (B.1). This time, we show a lower bound
120013 + 25 + llzsll3 > [1z1113 + 25 = || cll5. (B.4)

Applying Corollary A.10, we know if 21, 22, 23 are fixed (instead of defined as in (B.1)), then choosing
e =1/8L,

Pr |Iheal > (1= 9) Il + 5 + aal] 2 1~ expl-0em) -

Again, after applying e-net, we know with probability at least 1 —e@(?L1ogLtlogn) .oy (O (e2m)) >
1 — exp(—Q(2m)), for all z; € R*~1 and 2y € R satisfying ||z1|| < 2L + 4 and 0 < zp < 2L + 4,
and fixed 23 = x; 41,

Ihiestlle = (1 =) Jllzall3 + 22 + 123113
Substituting the choice of 21, 22, 23 in (B.1), and the lower bound (B.4), we have
Pr(|[higs1] > (1 —¢) - [[higll2] > 1 — exp(—Q2(°m)).
Choosing € = 1/(4L) gives the desired statement. ]

Finally, recursively applying Claim B.4 and Claim B.5 for all £ =0,1,...,L — 1, we have with
probability at least 1 — L? exp(—Q(m/L?)) > 1 — exp(—Q(m/L?)), we have
1
lhielle > (1= ) lhigle <20+4 .

This finishes the proof of Lemma B.3. [ |

B.2 Forward Correlation

This subsection proves the following lemma which, as discussed in Section 5, bounds how much
“fresh new randomness” is left after propagating to layer £.
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Lemma B.6 (c.f. (5.2)). With probability at least 1 — e~ V™) over the random initialization
W, A in Definition 2.3, letting Uy be defined in Definition B.1, we have

1
higeilla > .
sl 2 e g m

Vien], Ve {0,1,---,L—1} : |(I-UU,)

To prove Lemma B.6, we inductively (with the increasing order of ¢) show for each i € [n], for
each ¢ € {0,1,--- ,L — 1}, we have

1 1 def 1
— (1 -2a— —)" where o= . (B.5
10612 log® m( 4L) 2-104L2log?m (B:5)

We first show (B.5) in the base case £ = 0. Since U is an empty matrix, we have (I—UOUOT)hZ-,l =
h;1 so according to Lemma B.3 we have ||h; 1|2 > (1 — 1/4L).
The remainder of the proof assumes (B.5) already holds for £ — 1. We can write

higy1 = ¢(Whip + Az g1) = ¢(Mi21 + Mazz + M3zs).
where M; € R™*n(=1) A, € R™*L Ms € R™%? and 2 € R*D 2 € R, 23 € R? are defined as
My = WU, My = Wiy Ms=A
21 =U 1hiy 2o = |(I = Up1 U ) higll2 23 = Tigr1 - (B.6)

in the same way as (B.1) and (B.3) as in the proof of Lemma B.3. We again have the entries of
My, My, M3 are iid. from N(0, %) (recall Footnote 9). For the quantity Myze, we can further
decompose it as follows

(I = UU N higsall2 > & =

Mzy =v- (22 — c5a)4 + V'2) (B.7)

where ¢5 = —L— is some fixed parameter, v and v/ denote two vectors that are independently
16logm ’

generated from N(0, 2L), and

( ) 0, if z9 < c5av; , Zo, if z9 < c50x;
22 — C5( )4 = . Zo =
NG~ cgoﬂ, if 29 > cxar.

It is clear that the two sides of (B.7) are identical in distribution (because My ~ N (0, %I) and
(22 — cs0) + (25)* = 23).
Next, suppose z; and zy are fixed (instead of depending on the randomness of W and A) and

satisfies!?

csa, if z9 > csa.

1
— <||z1|| £ 2L + 6 and |z9| < 2L + 6. B.8
7 [ 21]] |22] (B.8)
We can apply Corollary A.16 to obtain the following statement: with probability at least 1 —
exp(—Q(a*m)),
w < Mz + v(za — csa) 4+ + Mszs

. 1/2 .
is (v, 0/4)-good where o = (Z| 213 + Z((22 — csa) 1) + 2||233) 2 Using 213 > 1/2, we can
lower bound o2 as

2 21 1
2 2 2 2 2 2 2
> —(]|z 25 —ca”) > —(= —ca”) > — .
0" > —([|z1]lz + 25 — ¢35 )_m(2 5 )_2
In other words, w is (a, YNNI \/51 ﬁ)—good. Next, applying standard e-net argument, we have with

probability at least 1 — exp(—Q(a?m)), for all vectors z; € R™*~1) and z; € R satisfying (B.8), it

ONote that if z1 and zp are random, then they satisfy such constraints by Lemma B.3.
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1
' 8y/m

We next apply Lemma B.7 with

satisfies w is (« )-good. This allows us to plug in the random choice of z; and 23 in (B.6).

w= Mz +v(z2 —c50)s + Mszz, r=25 wv=v, U=U,.

(We can do so because the randomness of v is independent of the randomness of Uy and w.)
Lemma B.7 tells us that, with probability at least 1 — exp(—£(y/m)) over the randomness of v,

1.5

I = U7 ) - $lw +ro)l| = 7(1 = 20) = = .

By induction hypothesis, we know
r =y > min{z, csa} > min{¢1,csa} > &y

where the last step follows by &_1 < csa. Thus, we have

1.5 1.5
(I~ U7 ) - 9w + o) > r(1 = 20) — 7 > € 1(1—20) = 47 > 611 ~20— 1) =& |

: : 1.5 » &
where the last inequality uses o' < %+,

B.2.1 Tools

Lemma B.7. Suppose o € [100%, 1/2), m > 4(7/04 and T €~(0, m]. Suppose w is a fized vector
that is (a, ﬁ)-gwd (see Definition A.14), and U € R™*? is a fized column orthonormal matriz.
Then, if v ~ N(0, %I), with probability at least 1 — exp(—Q(y/m)), it satisfies
1.5
T [0
(I -UU")-¢p(w+rv)||>r(l—-2a)— o

Proof. We split w € R™ into three pieces w = (w1, wa, ws) € R™ with disjoint support such that:

e w; corresponds to the coordinates that are > «/8y/m,

e wjy is the remaining, which corresponds to the coordinates that are within (—a/8y/m, a/8/m).

e w3 corresponds to the coordinates that are < —a/8y/m, and
We write v = (v1,vg,v3) according to the same partition. We consider the following three cases.

e For each index k in the first block, we have (qﬁ(’wl + Tvl))k #* (w1 + TUl)k only if (rvy)g
—a/8y/m. However, if this happens, we have

0< (@b(wl + TUl))k - (w1 + TU1)k < maX{(rvl)k - 04/8\/77%0} )

Applying Lemma A.5, we know with probability at least 1 — e~ SAvm),

IN

f

. 2r?
01 = p(wy +rvy) — (w1 +7v1) satisfies |61]]* < 2\/mL < 4a?//m .
m

Y

e Similarly, for each index k in the third block, we have (¢(w; + rvl))k # 0 only if (rvy)g
a/8y/m. Therefore, we can similarly derive that

05 = p(ws +rvs) satisfies 052 < 40%//m .

e For the second block, we claim that

02 & p(wy +rvg)  satisfies [|0alla < @32 /4 . (B.9)
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To prove (B.9), we use triangle inequality,

Gz + rela < o)l + otz
Since ||¢(w2)|co < a/8y/m and the size of support of ¢(w2) is at most am, we have
2 12 @
o)l < ((f8vm)am)/? < * =

Since v ~ N(0, 21), and since the size of support of v is at most am, we have [va| < 2/
with probability at least 1 — e~?(®™) (due to chi-square distribution concentration). Thus
o a3/2
lp(rva)lla =7 ll¢(v2)ll2 < = - 2Va = —— .
16 8

Together, by triangle inequality we have ||¢(wq + rvg)|| < %/2 . This finishes the proof of (B.9).

Denoting by § = (01, d2, d3), we have

d(w+rv) =wy + 11 + 6.

Taking the norm on both sides,

I( = UT ) é(w +ro)|| = (I = UUT)(wr +ror +0)]

> (I = UU ") (wy +rvy)|| = |(I =UUT)8||  (by triangle inequality)

> (1= UU ) (wi + o) = 18] (by [[(1 = UUT)8]l < [Is]))
3/2 4
- a «
> |[(1 = UU ) (wr +ro)ll = == = —
0372
> (I =UU")(wi +ror)| - 5
032
> [|(I —UU wy +ror|| — r)|U || — -
Now, since U € Rmxg, it is not hard to show that ||UTv|2 < %C’[ with probability at least 1 —

m
On the other hand, the random vector z = (I—-UU " )w; +7rv; follows from distribution N (u, %)
for some fixed vector y = (I — UU " )w; and has at least % (1 — a) dimensions. By chi-square
concentration, we have ||z|| > r(1 — 3a/2) with probability at least 1 — e=%(*m) Putting these
together, we have

exp(—Q(m)). Using 2d < § (owing to our assumption m > 4d/a), we have r|[U vy < O

3/2 3/2
(I = UU)p(w + rv)|| > r(1 — 30/2) — % - O‘T = r(1—2a) — O‘T .

B.3 Forward J-Separateness
We first give the definition of §-Separable,
Definition B.8 (d-separable vectors). For any two vectors x,y, we say x and y are d-separable if

-
vy

(- +=)
Iyl3

We say a finite set X is d-separable if for any two vectors x,y € X, x and y are d-separable.

>0 and

xT

I'.I'T
’“‘ ||m|2)yH =0
2
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The goal of this subsection is to prove the d-separateness over all layers £.

Lemma B.9 (c.f. (5.3)). Let {z;1}icn) be 6-separable with 6 < m. With probability at
least 1 — e XV™)  forall ¢ =0,1,...,L —1, for alli,j € [n] with i # j, we have

)
(I - UgUfT)hi,gH and (I — UgUgT)hj,g+1 are §—sepamble.

To prove Lemma B.9, we inductively (with the increasing order of ¢) show for each i € [n], for
each ¢ € {0,1,---,L — 1}, we have

o 1
(I — UgUJ)hMH and (I — UgUZT)hMH are 8y separable for §; &= 01 —2a — E)E (B.10)

where a < 166 log m.

We skip the base case and only prove (B.10) for ¢ > 1 by assuming (B.10) already holds for
¢—1.1
Claim B.10. Fori # j, if (I—Ug_lUéTfl)hi,g and (I—Ug_lUZ—El)hjj are dy_1-separable, then letting

~ ~ I-UgUNhjoq1
U = [Uy, h] where h = ( Y
[Ue, b I(I=UeU," Y eqall2’

(I —UU g > 60 =61(1 —3a) .
holds with probability at least 1 — exp(—Q(y/m)).

we have

Since it is easy to verify that
|(1=3R7) (1 = UUT i | = 1T = UU hieallz

Claim B.10 immediately implies (B.10) for layer ¢, and thus finishes the proof of Lemma B.9.
Therefore, we only need to prove Claim B.10 below.

Proof of Claim B.10. Let x = (I — Up_1U, \)hj, and y = (I — Up_1U/} )hip. If x and y are
d¢_1-separable, we split y into two parts where y; is parallel to x and y» is orthogonal to x

T, YT
Y=yt = MZ ==z |2l
2

This also implies that the randomness in y; is independent of the randomness in ¥s.

It is easy to see that ||yi||2 = |<|Z|1|/2>7 so we can rewrite Wy as follows
_ _wlmye _
Wy=Wy+Wys =W e + Wya = (|lyall2/l|zll2) Wz + Wys.
2
Therefore,
Wh@g + A$i7g+1 = WUg_lUgT_lhij + W(I — Ug_lUgT_l)th + Al‘@g.i_l
= WU U hig + Wy + Az q (by definition of )

= WU UL hig + (lyallo/lll2) W + Az g1 + Wys (by rewritting Wy)
= Miz1 + Mazo + M3z3 + Myzy

"'The proof of the base case is a replication of Claim B.10 and only simpler. Indeed, for the base case of £ = 0,
one can view h;¢ = 24,1 and h;¢ = x;,1, and view Uy as an empty matrix. Then, the same analysis of Claim B.10
but with slightly different notations will apply.
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where

My = WU, My=W—"_ My =A w2
]2 121l
21 =Ul hig 22 = [[y1]l2 23 = Tipy1 2z = |ly2ll2 (B.11)
and we know the entries of My, My, M3, My are i.i.d. from N (0, ) owing to a similar treatment

as Footnote 9. For the vector Myz,, we further rewrite it as
Myzy =v- (24 — c5a) 4 + V'2)

where c5 = m is a fixed parameter, and v and v/ denote two vectors that are independently

generated from the same distribution N (0, %I ) as vector My € R™, and

( ) 0, if z4 < csa; , Z4, if z4 < csa;
24 — C5Q0 )4 = . Zy =
23 —c2a?,  if 24 > csa

Together, we can write

(I =UUhigsr =

csa, if z4 > csa.

I—UU")¢(Whi+ Azigi1)

UT)p(Myzy + Mozg + Mszg + Myzy)
)o(
)(

»\4
Q

(
= (I -
==

N
Q}

UT)p(Miz1 + Mazo + Mazg + v - (24 — c5a) 4 + 1V/2})
= (I -UUo(w+v'2)

where the last step follows by defining
w= Myz1 + Mozo + M3z + v - (24 — c50) 1 .

Our plan is to first use the randomness in w to argue that w is («,y/4y/m)-good. Then we
conditioned w is good, and prove that the norm of (I — UU ")é(w + v/'2}) is lower bounded (using
(B.7)).

Now, suppose that z; € R™1 2, ¢ R, and 24 € R are fixed (instead of computed based on
the randomness of W and A), and satisfies!?

1
— < |lz1| < 2L +6 and |z], |24 < 2L + 6. (B.12)

V2
we can use Corollary A.16 to obtain the following statement: w is (a o /4)-good with probability at
least 1 — exp(—Q(a?m)) where o = (2|23 + 225 + 2||z3]3 + 2 (27 — c§a2))1/2. Using ||z1]|3 >
1/2, we can lower bound o2 as
2 2 2

2 2.2, .2 2
> 21|la + 25 + 2 c2a?) > — —Crx
o= m(H 112 2 4 — G5 ) (2 507)
In other words, w is (a, YNNI \/51 m)-good. Next, applying standard e-net argument, we have with

probability at least 1 — exp(—Q(a?

m)), for all z1, z9, z4 satisfying (B.12), it satisfies w is («, ﬁ)—
good. This allows us to plug in the random choice of z1, 29, z4 in (B.11).
We apply Lemma B.7 with the following setting
I—-UUh;
( ¢ f{.)J’Hl w=w, v=v, 1=z €[0,c50]
(I = UeUy hjerall2

where w is (a,y/8y/m)-good. (We can do so because the randomness of v is independent of the
randomness of U and w.) Lemma B.7 tells us that, with probability at least 1 — exp(—Q(y/m))

U=|U,,

2Note that if z1, z2 and z4 are random, then they satisfy such constraints by Lemma B.3.
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over the randomness of v,

1.5
I(I=TUUT) - ¢(w+rv)|| >r(l - 2a) - O‘T _

By induction hypothesis, we know
r = zj > min{zy, csa} > min{d,_q,csat > 61

where the last step follows by ;1 < csa. Thus, we have

1.5 1.5

H(I—UUT)-qﬁ(w—i—rv)H >r(l—-2«a)— ozT > 0p-1(1 — 2a) — aT > 0p-1(1 —2a — ﬁ) =0y ,

where the last inequality uses ald < &T*l. L]

B.4 Intermediate Layers: Spectral Norm

The following lemma bounds the spectral norm of (consecutive) intermediate layers.

Lemma B.11 (c.f. (5.4)). With probability at least 1 —exp(—Q(m/L?)), we have for all L > {5 >
01 >0 and i € [n]

HH?:@Q Dz‘,eWH2 < O(L?),

We start with an important claim whose proof is almost identical to Lemma B.3.

Claim B.12. Given £ > b > 1, given i € [n|, and given z,—1 € R™ a fized vector, letting
20=D; WD;p 1D p)Wzp_1
we have with probability at least 1 — exp(—Q(m/L?)), it satisfies ||z¢|la < (1 4+ 1/L)0 | z_1]]2.

Proof. Let U denote the following column orthonormal matrix using Gram-Schmidt (its first n(¢—1)
columns coincide with Up_1):

UGS (hity s bty higs oy Bngy oo ity oy P15 215+ 20-1)
We can rewrite ||z¢||2 as follows:
[zell2 = [ D3 eW ze-1]l2
= || 1wh, o140 - WZ£—1H2
= H1WUUThi,4,1+Axi,gzo : WUUTZe—1H2
= | 1ary+az>0Mz||, .

where in the last step we have defined M = WU, y = UThiyg,l, r = x;p and z = UTz—1. We
stress here that the entries of M and A are i.i.d. from N(0, %I).IP’

Now, Claim B.13 tells us for fixed z € R? and fixed y, z € R™*~? we have with probability
1 — exp(—(m/L?)) (over the randomness of M),

1ary+ae>0M 2|y < [lz]l2(1+1/2L)
After taking e-net over all possible 3, z, we have that for fixed z € R? but all y, z € R™H=0:
11 ary+a2>0M 2]y < [|z[]2(1+1/L) .

13This follows from a similar argument as Footnote 9, taking into account the additional fact that each z; may
only depend on the randomness of A, WU,_1, and Wzp_1,... Wz;j_1.
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We can thus plug in the choice y = UThM_l and z = U"z_; (both of which may depend on the
randomness of W and A). Using ||z||2 < ||z¢—1]]2, we have
[zellz < llze-all2(1 +1/L) -

Finally, taking union bound over all possible £ and applying induction, we have
lzellz < (14 1/L) " zp-1 2. ]

Now, to prove the spectral norm bound in Lemma B.11, we need to go from “for each z,_1 (see
Claim B.12)” to “for all z;_1”. Since 251 has m dimensions, we cannot afford taking union bound
over all possible z,_1 (or its e-net).

To bypass this issue, we partition the coordinates of z,_; into L3 trunk (each of length m/L?3).

. 3
We write z,_1 = SF

i=1(2pb-1); where each (2,-1); € R™ denotes a vector that only has non-zero

entries on m/L3 coordinates. For each j € [L3], we have with probability 1 — exp(—m/L?),
1(ze)jllz < (L +1/L) " (zp-1);ll2 < 21 (zp-1)l2 -

By applying an e-net argument over all such possible (but sparse) (z;_1);, we have with probability
at least 1 — 200m/L%) exp(—Q(m/L?)) > 1 — exp(—Q(m/L?)), the above equation holds for all
possible (zp_1);.

Next, taking a union bound over all j € [L3], we have with probability at least 1—exp(—Q(m/L?)):

Vot € R™: |zglla < O(L¥)|12 s -

Taking a union bound over all ¢, b, we complete the proof of Lemma B.11. [ |

B.4.1 Tools

Claim B.13. For fized v € R% y,z € R*. Let M € R™** and A € R™*? denote random Gaussian
matrices where each entry is i.i.d. sampled from N(0,2/m). We have with probability at least
1 —exp(—Q(m/L?))

Lasy+aaz0 - Mz|2 < ||2]l2(141/2L) .
Proof. Without loss of generality we assume ||z||2 = 1. We can rewrite My as follows

My = M(zz")y+M(I —22")y

M(I —zz")y
=Mz -z y+— L (T = 22" )yll2
[ —zenyls 1722
= Miz1 + Mazo,
where My, My € R™ and z1, 22 € R are defined as follows
M — zz"
My = Mz, M= (—Zf)y
(1 =22 ")yll2
a=zy, z2=|I-22")yl:

It is easy to see that M is independent of Ms. We can rewrite

Lary+a2>0 - M2|l2 = 110204020+ Azz0 - M2
Using Lemma A.11, we have with probability at least 1 — exp(—Q(m/L?)),

Lati 214 Mo 2o+ Ac0 - Mil2 < l2]12(1 + 1/2L).

Thus, we complete the proof. O]
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B.5 Intermediate Layers: Sparse Spectral Norm

This section proves two results corresponding to the spectral norm of intermediate layers with
respect to sparse vectors. We first show Lemma B.14 and our Corollary B.15 and B.16 shall be
direct applications of Lemma B.14.

Lemma B.14. For every k € [m] and t > 2, with probability at least

1 — nL2e0klog(m) (o=Qm/L?) | o~Qnli?)

it satisfies, for all i € [n], for all L > ly > {1 > 1, for all k-sparse vectors z,y € R™

b 5tv/nL

y W ] e | 2| < 7 lyll2 - llzl2.
m
{={o
Proof. Without loss of generality we assume ||y| = ||z|| = 1. Fixing ¢ > ¢, fixing ¢, and fixing
2p,—1 = z, we have according to Claim B.12, letting z¢, = D; o, W D; g, 1W - -- D; ¢, 24, —1, then with
—Q(m/L?)

probability at least 1 — e
26,12 < (1+1/L)2 707 [z s < 2
Applying e-net over all k-sparse vectors z, we have with probability at least 1— ¢O(klogm) o —Q(m/L?)
it satisfies ||zg,||2 < 3 for all k-sparse z:
Similar to the proof of Lemma B.11, we let U denote the following column orthonormal matrix
using Gram-Schmidt:

def
U=GS (hl,la R hn,hhl,?a s 7hn,27 s 7h1,€2717 .. '7hn,€2717251*17 e z@z) ’

)

and we have

41
y W ] DieW | 2| = |y"WUU " 2,
={o

Next, observe the entries of WU € R™*"(2=D+(2=0142) are jj.d. drawn from N(0, 2 (following
a similar argument as Footnote 13). Therefore, if y is a fixed vector, then y' WU is in distribution
identical to a Gaussian vector N'(0, 21) of n(fy — 1)+ (¢ — {1 +2) < 2nL dimensions. By chi-square
distribution tail bound (see Lemma A.3), we have for t > 2:

nLt?
Pr(ly WU|? > —
m

< Jorwo st <o

] < e—Q(nLtQ) .
Applying e-net over all k-sparse vectors y, we have with probability at least 1 — eP(klog m)e_Q(”Lt2),
2
it satisfies ||y WU||? < 22LL for all k-sparse vectors y.
Conditioning on both events happen, we have

Taking union bound over all possible i, £1, #2 we finish the proof. ]

Choosing k = s?m?/3 and t = Sm;/g# in Lemma B.14, we have
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Corollary B.15 (c.f. (5.5)). Let s € [m~/* m'/5 be a fived real. With probability at least
1 — e Us*m?/ log? ™) we have for all i € [n], for all L > ¢y > 1 > 1, for all $2m?2/3_sparse vectors
y,z €R™,

4
slogm
WAL DieW |y < =55 Izll2 - Iyl
m
=Ly

Choosing k =1 and t = @ in Lemma B.14, we have

Corollary B.16 (c.f. (5.5)). Let p = nLdlogm. With probability at least 1 — exp(—Q(p?)), it
satisfies for all i € [n], for all L > €y > {1 > 1, and for all 1-sparse vectors y, z € R™,

£
p
W] D | y| < 7 - I2lz - lyllz -
=t m

B.6 Backward Propagation

This section proves upper bound on the backward propagation against sparse vectors. We first
show Lemma B.17 and our Corollary B.18 and B.19 shall be immediate corollaries.
Lemma B.17. For any k € [m], t > 2 and any a € R?, with probability at least

1— nLQeO(klogm) (efﬂ(m/Lz) + efﬂ(tQ))

)

over the randomness of W, A, B, we have for all i € [n], for all L > {y > {1 > 1, and for all k-sparse
y € R™,

4y

t
.
a'B D; W < — a2 - .
Zgg oW |y < = lall2 - lylz

Proof of Lemma B.17. Using Claim B.12, we know that for fixed z,,_; = v, letting
20y = Di 0, WDj gy AW - Dy gy Wz 1,
with probability at least 1 — exp(—Q(m/L?)) we have
2612 < (1 4+ 1/0)2 0 [z 1 l2 < 3|2, -1 12

Next, fixing vectors a and zy, and letting B be the only source of randomness, we know aTBze2
follows from N(0, ||a||3]|z¢,||3/d). Then with probability at least 1 — exp(—£(t?)) over B,

ja" Bzgy| < t- [lall2]| 2, |2/ V.

Taking a union of the above two events, we get with probability 1 —exp(—Q(m/L?)) —exp(—Q(¢?)),
3t
la" Bz, | < == - llall2 - [lyll2-

Vd

At this point, we apply e-net argument for all k-sparse vectors y € R™ (the size of which is at most
O (klog(m/ k))). Taking a union bound over all such vectors in the e-net, we have with probability
at least

1 —exp(O(d + klog(m/k)))(exp(—m/L?) + exp(—Q(?)))
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for all k-sparse vector y € R™,
3t
la" Bz, | < = - llall2 - [lyll2 -

Vd

Finally, we also take a union bound over all £5, /1 and i, and there are at most O(nL?) choices. []

Using Lemma B.17 with k& = s?m?/® and t = sm!/?logm, and taking union bound over all
a € R?, give

Corollary B.18 (c.f. (5.6)). Let s € [m~/4 m'/S be a fived real. With probability at least
1 — exp(—Q(s*>m?/3log? m)), we have for all i € [n], for all L > €y > {1 > 1, for all (s* - m*/3)-
sparse y € R™, for all a € R?,
£y
o B T] Diew | y| < (sm**1ogm) -[lallz - lyl2 -
{={o

Using Lemma B.17 with & = 1 and ¢t = nLdlogm, and taking union bound over all a € R¢,
give

Corollary B.19 (c.f. (5.6)). Let p = nLdlogm. With probability at least 1 — exp(—Q(p?)), we
have for all i € [n], for all L > ly > ¢y > 1, for all 1-sparse vector y € R™, and for all a € R?,
01

a' B[] DieW |y <p-llallz- llyllo.
l=l>
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C Stability After Adversarial Perturbation

Throughout this section, we consider some random initialization V[N/, A, B, and some adversarially
chosen perturbation W’ € R™*™ which may depend on the randomness of W, A, B. We introduce
the following notations in this section

Definition C.1.

gio = hip =0 gi,0 = hip =0 fori e [n]

Giw = Whig_1 + Ay giv = (W +Whi 1 + Az fori € [n] and ¢ € [L]
hig = (b(wzi,éfl + Az, ) hie = (W + Wk -1 + A, g) fori €[n] and ¢ € [L]
h;,g = hie— Ei,z gg}z =it — Giy fori € [n] and { € [L]

Define diagonal matrices 151-7@ and D; ¢ by letting
(Dio)kk = LG, =0 and (Digkk = L(g, 1), >0-

Accordingly, we let diagonal matriz D) , = D; ¢ — D; 4.

Roadmap.

e Section C.1 proves the stability at forward when the perturbation matrix W' has small spectral
norm. It gives bounds on [|g; /|2, [|7} 4ll2, [|D; ollo, and || D ,i.cll2-

e Section C.2 proves the stability of intermediate layers. It gives bound on || Hg;& DMWHQ and
I TTeLe, DieW -

e Section C.3 analyzes the stability for backward. It bounds the difference ||a" B (Hﬁlzﬁ2 f)i,gW —
[Tile, DisW)lle.

e Section C.4 considers a special type of rank-one perturbation matrix W', and provides stability
bounds on the forward and backward propagation.

As discussed in Section 6, the results of Section C.1, C.2 and C.3 shall be used twice, once
for the final training updates (see Appendix G), and once for the randomness decomposition (see
Appendix E). In contrast, the results of Section C.4 shall only be used once in Appendix E.

C.1 Forward

The goal of this section is to prove Lemma C.2,

Lemma C.2 (forward stability, c.f. (6.1)). Letting o = nLdé~'log(m/¢), for any o € [Q_loo, 9100] ,

with probability at least 1 —e_Q(LGT§/3m1/3) over the randomness of /I/I\?, A, B, for every W' € R™>*™m
with |[W']|2 < %, for every i € [n] and £ € [L], we have

(a) |9,
(b) ”D;gHO < O(Llo/ng/g) . m2/3 , and
(c) ”D;,ggi,éHQ < O(L5T0)/m1/2 .

2, [ oll2 < O(Lb70) /m*/?
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Proof of Lemma C.2. Suppose C > 1 is a large enough constant so that the hidden constant in
Lemma B.11 can be C. We inductively prove that one can write g; , = g; , | + g; ,, Where

1 1 1
L: gipalla < 71 Yo II: 19:.02llc0 < 72 o L [|g;elle < 73 Yo
1 1
IV:  |[Djgllo < ma-m*® Vi ||Dfgiella < 75 7 VI gl < (s +75)—7 - (C)
m m

Above, we choose parameters
7'1=5CL4(L+2)7'0 7'2:4L7'510gm T3 = T1 + T2 7'4=10(7’1)2/3 5 =371 .

We emphasize that all these parameters are polynomial in g so negligible when comparing to m.

Throughout the proof, we focus on some fixed i € [n] without loss of generality, and one can
always take a union bound at the end. We drop the subscript 7 for notational simplicity. In order
to prove (C.1), we first assume that it holds for all 1,2,...,¢ — 1. In particular, we assume for all
0 <e—1,

1 1
”92/’1\‘2 <7 —7 and ”92,2”00 <7- =

A useful observation is g, can be split into three terms

gZ, = W/Dgrflgglfl + WDZI_lggul + Wﬁgulgél_l . (C.Q)

-~

21,1 Zpl 1,2 21,3
After recursively applying (C.2), we can write
-1

90 =9o1 = Z (Wﬁk—l - 'Wﬁe—zaH) 2p—g,1 + (Wﬁﬁ—l - 'Wﬁé—éa-',—l) 2—p,2 - (C.3)
lam1

Applying Claim C.3, with probability at least 1 — e~ /3m1/3), we have for all ¢/ < /(—1,

70 / T + Ty
< —14 i
Lm(““g*\/m) (C4)
4/3 _1/3

Applying Claim C.6, we have with probability at least 1 — e Umm

(Wqu “o WDE—éaH) 200,22 = Zp—g,2t T Zg_p, 2

||Ze/,1

), one can write

where
2
H s < 375./74log"m H e < 475logm C.5)
ZE—EG,2ﬁ| 2 > m2/3 ) Z[iéagb |oo > 777‘[/ . ( .
As a result, we can define g, = g, + g}, for
-1 -1
/ T 7d 77N /
gi= (WDéfl e WD@*‘ea‘i’l) Ztor+ 2e—gy A Gho =z g0 -
la=1 la=1
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We first bound ||g; 4 [|2,

/-1
lgzillz < D> IWDier-+-WDigguralla - 2e—tall2 + 20—, 22l2
lo=1
® 14
< D (CLze—tgnlla + 2e—r, 25 ]12)
lo=1
@ T0 T| + To 3T5ﬁlog2 m
< CL*—= (4L +8 L
ot (s s 2R ) ST
L+2)e 1
<sopt. LD E 1
Jm Jm

Above, inequality @ follows from Lemma B.11, inequality @ follows from (C.4) and (C.5), and @
follows from our choice of 71 = 5C L*(L + 2)79. We next bound || 9p.2lo0s

/-1
o 47510 m @ 1
o0 S ez_l Hzg_&hzbnoo S L . Tg S 7_2%

Hgé,z

where inequality @ is due to (C.5), and @ follows from our choice of 75 = 4L75logm. Thus, we
have showed I and II of (C.1):

1
lgeall2 < 71 and  ||ggolleo < 72 —.

ml/2
They together further imply

1 1
miz = T2

so IIT of (C.1) holds. IV and V of (C.1) are implied by Claim C.4, and VI is implied because
1Bl = ll¢(ge) — &(Ge)ll2 < llge — Gell2 < llgillz - L]

lgell2 < (114 72)

C.1.1 Tools

Claim C.3. Suppose go—1 = ge—1+9p_1 = Ge—1+ gyp_11 + gy o where
<2

T1
2 < —— and "9271,2”00 =

NGD

Then, we have with probability at least 1 — e~

Hgéfl,l

m/L?)

T0 1 + T2
W'Dy 1gs1lls < — (40 + 8 )
I —19¢ 1||2_\/ﬁ< +8+ NG >

Proof of Claim C.5. Using triangle inequality, we can calculate
W' De-1ge-1ll2 < [Wll2 - 1De=1llz - (IGe—1ll2 + llge—1.1ll2 + 19r—1 2ll2)

Using Lemma B.3, we have ||g,_1]| < 4¢ + 8. Using elementary calculation, we have

T1 T2 _T1I+T2
lgp—11ll2 + llgr_12ll2 < Jm +vm—= <

m = /m

Together we finish the proof. O]
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Claim C.4. With probability at least 1 — e_Q(Tf/Sml/S) the following holds. Whenever

/ ]- / ].
ngmeZ <7 mi/2’ ngfl,zHoo < T2 m
then letting T4 = 10(7’1)2/3 and 75 = 371, we have

1
I1De19e-1ll2 < 75 - mi/2’ 1D} 1llo < 74 - m?*®

(11)2/3

Proof of Claim C.4. We choose parameters £ = T0T/3mE76 and a = 10&y/m in the proof. We have

19¢—12ll00 <€

First of all, using similar (but simpler) proof as Lemma B.6, one can show with probability at

least 1 — exp(—Q(a?m)), the vector g,_1 is (a, ﬁ)—good (recall Definition A.14).'4 This implies

that go_1 has at most am = 106m3/2 coordinates j satisfying |(ge—1);] < ﬁ = 2¢.

For each j € [m], if it satisfies (D}_,);; # 0, then the sign of gy—1 and g1+ g, 1, + 915
must differ on coordinate j. As a result:
[(g0—11 + Ge—1.2)5] > 1(Ge=1)5] -
Define y = Dj,_,g¢—1. There are two possibilities for such j with (Dj_,);; # 0.
e Case 1: |(Gr_1);] < 2¢. Let such coordinates be Sy C [m], and we have |S;| < 10&m3/? using
the above argument.
Next, for each such j € S1, we must have [y;| = |(ge-1+9p_1 1+97_12)51 < (gr_11T90_12)5 <
(9p_1.1)j| + & so we can calculate the £2 norm of y on Si:

2
47’1

S 42 < 2lgh I + 26281 < T 0gtmte = 1
i€S]
e Case 2: |(g¢—1);] > 2£. Let such coordinates be So C [m]\ Si. In this case we must have
~ lgp_1403 2
(g1l = 1Ger)sl = |(ghr0)s] > 26 — € = €. Therefore, |So| < %328 < L,
Next, for each j € Sy, we must have
~ 9
il = [@Ge—1 + go—1.1 + go—12)5] < 1(Go—11 + Ge—12)j] < (ge—11)5] +&/2 < Z|(92—1,1)j| :
and therefore

Z?JJSQZQZ 1,1); ZL

JES2 JES2

4ndeed,
Jo—1 = W?lg_z + Axp_1 = Miz1 + Mazs.
where M, € Ran(2—2)7 Ms; e R™*?% and 2, € R"(“l), 23 € R? are defined as
=WUr—» My = A
21 = U sho_s 20 = Tp—1 . (C.6)

The entries of M; and M, are iid. from N(0,2) (recall Footnote 9). Suppose 21 and z; are fixed (instead of
depending on the randomness of W and A) and satisfies % < ||z1]] € 2L + 6. We can apply Corollary A.16 to
obtain the following statement: with probability at least 1 — exp(—Q(a?m)), ge—1 is (c, 0/4)-good where o =
=lz1)13 + =||lz3]l3 > = . In other words, w is (o, 5= )-good. ing standard e-net argument, we have wit

sllzl3 + Zllzsl3 > 5 . In oth ds, w is (@, 7= )-good. Applying standard e-net argument, we have with
probability at least 1 — exp(—(a?m)), for all vectors z; € R"“~?) satisfying % < |lz1]] € 2L + 6, it satisfies ge—1 is
(o, %\m)—good. This allows us to plug in the random choice of z; in (C.6), to conclude that g,—1 is (e, %\/m)—good.

39



In sum, we conclude that

2
D)1 llo < 1S1| + |Sa| < 106m3/2 + mT—EQ < 10(m)23m2/3 = 1, - m2/3

\/W 37 1
< — . [
Jm S ym P e

Claim C.5. With probability at least 1 — e~ mm*/*1og?m)  for Il [ > ¢ 41> b > 1, for all

and

lyll2 <

x € R™ with ||z|2 < % and ||z|jo < 74 - m*/?

we have that the vector y = Wﬁgﬁ? - ]_N)bW:U can be written as

37T54/T4 log2m 4715 logm
y=y1+y2 where |yi]2 < ——+— and |y2flc < 27508 m
m2/3 m

Proof of Claim C.5. Let s = 74 - m2/3 for notational simplicity. Let 2,1 = z and assume for now
that x is a fixed vector. Letting zp = DyW --- Dyzp_1, we have according to Claim B.12, with
probability at least 1 — exp(—Q(m/L?)),

lzell2 < (1+1/L) " Hzp-1ll2 < 3[lzp-1]l2.

Similar to the proof of Lemma B.11, we let U denote the following column orthonormal matrix
using Gram-Schmidt:

U< GS(h,-- bt hio, - hngs o hgts o Bty 201, 20)
and we have
Wﬁgw e IN)bWx = WUUTz[g2 )
Observe the entries of WU € R™*n(=D+(E=04+2) are iid. drawn from N(0, 2) (following a sim-

ilar argument as Footnote 13). Therefore, according to Lemma A.17, we have can write y =
WDW .- DyWex as y = y1 + y2 with

Vslog?m logm

T T
[yl < Jm U 2z, || and |yl < U 2|
Plugging in ||U " z|l2 < ||z¢ll2 < 3||26-1]l2 = 3|22 < 3\/—%, we have
3151/slog?m 375 logm
Il € ———— and |lyafloc < ——— .
m m
Finally, taking e-net over all s-sparse vectors x, we have the desired result. ]
Combining Claim C.4 and Claim C.5, we have
. . .. —Q(T4/3m1/3)
Claim C.6. With probability at least 1 — e 1 , whenever
’ 1 ’ T2
< <=
||9£—1,1H2 = Um Hg£—1,2||oo =

we have the vector y = Wﬁgw e 55WD2_1QZ_1 can be written as

375 7'410g2m 475 logm
y=ut where fullz < YAET e, < RIBT
m2/3 m
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C.2 Intermediate Layers

The goal of this subsection is to prove Lemma C.7.

Lemma C.7 (intermediate stability, c.f. (6.2)). Letting o = nLdlogm, for any 1o € [Q_IOO, QIOO],

/ —_—
with probability at least 1 — e~ UL "M ) per the randomness of W, A, B, for every W' € R™>™
with [[W' ||y < %, for every i € [n], for every L > {3 > {1 > 1, the following holds

‘HQM5M+DQWWQ§O@U.

[T, (Dis + DL (W + W)

QSO@U.

We show Claim C.8 and then use it to prove Corollary C.8.

Claim C.8. Let s € [m~Y*,m!'/®] be any fired real. With probability at least 1 — e~ Q(s*m?/* log?m)
it satisfies that for every i € [n], for every L > o > 1 > 1, if D} , € R™*™ is an arbitrary diagonal
matriz with entries in {—1,0,1} of sparsity | D} ,|lo < s*m?/3 (for each £ = {y,...,l3), then

141

H (Dig+ D )W| <OL") .
0=ty 5
Proof of Claim C.5. We define set C as follows
0 N .
C =< [IDi“Die) W | ¢r € {0,1},VL € [f1, L]
=ty

For £, we define set C, as follows
Co = {C’ el ‘ D' appears ¢ times in C}

From Lemma B.11, we can bound the ¢ = 0 term

d ¢ <oi?).

CeCy 2

For each C' € Cy with £ > 0, we have

/-1
IClls < O(LY) - (lgm) 0(L%)

ml/6

where we apply Lemma B.11 twice(one on the left, one on the right) and apply Corollary B.15

1— 69(52~m2/3 log? m)

£ — 1 times. The probability of the above event is at least . Therefore, for each

¢ € [ty — 1], we can bound
_ | -1
S ¢ goaﬂ(@£&><sgﬁf)
cece ||y m

which is at most O(L?) when ¢ = 1 and o(L7) for £ > 1 by our parameter choices. Putting it
altogether,

52 7@1 62 *el
LHS= (1Y > ¢ <Y (D c| <o@?+r") O
(=0 CeCy ¢=0 ||C€eCy

2 2
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Proof of Lemma C.7. Applying Lemma C.2c, we know with probability > 1 — 6_9(L6T§/3m1/3) it

satisfies || D/ ,[lo < s?m?/3 for s? = O(L10/372/3). Therefore, applying Claim C.8 we have

HH,Z o (Dic+ DLy WH <O(L7) .

On the other hand, since ||W'|| < \ﬁ’ we also have
[T, (Do + Dy )W + 07| < O(LT)
by expanding out the 222761+ terms with respect to W’. ]

C.3 Backward

We state the main result in this section.

Lemma C.9 (backward stability, c.f. (6.3)). Letting o = nLdlogm, for any 19 € [Q* ,9100]

. . / -~
with probability at least 1 —e‘Q(LGTg Sml/%) over the randomness of W, A, B, for every W' € R™*™
with ||W'|y < T—;’n, for every 1 < ¢y <y < L, for every i € [n], the followings hold

(a) |[a" BIIiLy, DigW — o BIT{Ly, DieW | < O(ry/*Llogm - m/3) - |al .
(b) |ja" BTy, DisW — aT BIIky, DieW || < O(L") - lallo.

(¢) ||a” BITiLe, DieW — a’ BIILy, DidW | < O(roLT) - |l

(d) ||a" BIT,"y, DiyW —a" BII}L,, DigW | < O(r 2 L810gm - m1/3) - |alla.

. . . 1/3
We first use Lemma C.2 to derive that, with probability > 1—e~2(L°%" " m'/%) 1D gllo <8 2m?2/3,

for parameter s = O(L5/ 37& / 3). We prove the five statements separately.

Proof of Lemma C.9a. Without loss of generality we assume ||a|| = 1. We define set C to be

41

C= H ( ;jZ)CZ (51'75)1_%% Clyy---yCo, €40,1}
{=ls

For each ¢ € [¢3 — (1], we define set Cy to be
C,={C € C | D' appears { times in C'}.
Ignoring subscripts for the ease of presentation, by Corollary B.18, we know
||aTBﬁW~'-ﬁWD'||2 < (slogm)m!'/3 .
By Corollary B.15, we know

~1/6

HD’Wﬁ---EWD' ) < (slogm)m

Thus, for each ¢ and C € Cy,

~— ~ —~ ~ -1 —~ o~ ~
laT BO|» < HaTBDW~--DWD’H2~HD’WD---DWD’ ) -HD’WD---DWH2

1/6

< (s-m'3logm) x (s-m~Y%logm)*~! x O(L?) .
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Finally, the LHS of the Lemma C.9a becomes

lo—1y Lo—Ly
LHS= || Y > a'BC|| <Y Y |la"BC|;
=1 CeCy =1 CeCy

2

lo—Ly
<D <€2;€1>(5'm1/310gm) X (s-m™Plogm)*™ x O(L?) < O(L* - slogm - m'/?) .
=1

]

Proof of Lemma C.9b. Again we assume ||a|| = 1 without loss of generality. We define set C to be

12
C = H Dij(W,)C‘ZWl_CZ Cyy- -y, €{0,1}
=Ly

For each ¢ € [¢s — ¢1], we define set Cy
Cy={C e C | W appears ¢ times in C} .
Ignoring subscripts for the ease of presentation, we have for each C' € Cy,

— — e~
la"BCll2 < la" Bll2 - [WD--- WDz [[W'|lz - (IDW --- WD|o|[W'[|2)" " - [DW --- DW |2

<o) (k). (0%”)“ o) . (©3)

Above, we have used [[WW”[|y < Z&, [WD---WD|js < O(L7) from Lemma C.7, and || Bl|z < O(v/m)
with high probability. Finally, by triangle inequality, the LHS of Lemma C.9b becomes

- |S S s < fernc]
LHS ;C;Za BC2§ ;Cze;é a' BO||,
lo—1y -1
S o () (452 o
< O(1 L") [
Proof of Lemma C.9c. It is similar to the proof of Lemma C.9b. O]
Proof of Lemma C.9d. 1t is similar to the proof of Lemma C.9a. O]

C.4 Special Rank-One Perturbation

We prove two lemmas regarding the special rank-one perturbation with respect to a coordinate
k € [m]. The first one talks about forward propagation.
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Lemma C.10 (c.f. (6.4)). Let p = nLdlogm, o = nLdé ‘log(m/e), 70 € [071%9, 0], N €
[1,0'°]. If W, A are at random initialization, then with probability at least 1 — e*Q(pQ), for any
rank-one perturbation W' = yz" with ||z = 1, lyllo = N, [[¥]leo < \;—%, it satisfies
8N2/3 5/6
m2/3 ) :

Vi € [n], Ve € [L],Vk € [m]:  |(W + W)k, )il < o(

Proof. Without loss of generality we only prove the statement for fixed i, £, k because one can take
union bound at the end. We can rewrite Wh/, i as follows

(W + W) o = W'hi, + Whi,
= W'hi, + W (hie — hiy)
= W'h}y+ W((Dig + D} )gie — Di i)
- W hlf +WDZ£ng +W‘Dz€gl£
= Wh,g-l-WDZg((W-f-W/)hzg 1 —thg 1)+WDZ€ng
= Whlg—i—WDZ[(Whlg 1—|—W/h2g 1)+WDZng£
= Wh’g—i—WDZgWhM 1+WDZgWhM 1—|—WDMglg
——
recurse
After recursively calculating as above, using hé,o = 0, and applying triangle inequality, we have

¢ ¢
(W + W)hi )il < (W )kl + D [(WDig - WDi oWhia)il + > ((WDig - WDi 0 a WD, g5kl
a=0 a=0
(C.9)

We bound the three types of terms on the RHS of (C.9) as follows.

e First, we can bound

7 O(L%1VN)
VB 0] = W52 h = LT Tl < - Il < = (ZE2E)
where the last step follows by ||y||eo < %, W/ |2 < % and Lemma C.2a.

e Second, we can bound
‘(Wﬁi,g s Wﬁi,awlhi,a)k‘ = |1;Wﬁi75 ce Wﬁi,ayz—rh@ﬂ
= ‘]l;Wﬁi’g ce Wﬁmy\ . ’ZThi’a|

@ —~ ~ — ~

< |1 WDig--- WD ay| - |hiall2

@ —~ ~ —

< |1 WDyg---WD;qy| - O(L)

< N - ||ylloo max |1] WD, g+ -- WD, 41| - O(L)
J

2 p

<N [lylloo - T O(L)

® 1 p NtopL

< N —) - —-0O(L @)
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where @ follows by ||z]|2 < 1, @ follows by Lemma B.3, ® follows by Corollary B.16, and @
follows by ||y||co < Toﬁ.

e Third, we can bound,

|(WDig- - WD a1 WD gia)k] < LW Dy g WDi a1 WD, g|l2 - | D ugiall2

<O L5/3701/3N1/610gm O L5T(]1/2\/N
= /o Jm

where the last step follows by Corollary B.15 (which relies on Lemma C.2b to give s =
O(L5/3701/3N1/6)) together with Lemma C.2c.

Putting the three bounds into (C.9) (where the term one is the dominating term), we have

N 8 N2/3,5/6
(W + W)R, )kl <O (‘)/30>
m

The next one talks about backward propagation.

Lemma C.11 (c.f. (6.5)). Let p = nLdlogm, o = nLdé‘log(m/e), 19 € [071%, 0], N €
[1,0'°]. If W, A, B are at random initialization, and given some perturbation W' = yz ' with

Izl = 1, lyllo = N, ||yllee < \;% where W' can only depend on the randomness of W and A

(but not on B), then with probability at least 1 — e*Q(/’Q), foralli € [n], all1 <ty <ty <L, all
ke [m]:
mi/6

~ ~ o~ 3.1/371/6
(a) a7 B (TTiLy, DieW) 14 = 0" B (TIfLy, DidW ) 1| < llallz - O(P0 155,

mi/3

—~ 12 \5/6,.5/3
() |a" B ([T, DieW ) 1= a7 B (TTiLy, D) 1| < llall2 - O(225 000,

Proof. We prove for a fixed i € [n] and drop the subscript in i for notational simplicity. Without
loss of generality we assume |a|| = 1.

(a) We define set C to be

0y
¢ = { T[ (opyee(Boy—iw
{=ly

Ccy € {0, 1},V€ S [fl,fg]

For each ¢ € [¢y — £1], we define set Cp to be
Cy={C € C | D' appears ¢ times in C}.

Ignoring the subscripts for the ease of presentation, by Lemma B.11, we know
|IDW ---DW - D'||3 < ||DW --- DW||y < O(L?) .
By Corollary B.15 (which relies on Lemma C.2b to give s = O(L5/37‘01/3N1/6) ), we know

L5/3:1/3 \1/6
< -0 -7
, SO 75— logm) ,
L5/3Tg/3N1/6

m1/6

HD’”VT/E . DWD

Yk € [m]: ”D’Wﬁ..-ﬁﬁfﬂk”Q < O( logm) .
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Thus, for each k € [m] and C' € Cy, we can bound it

¢
15/3.1/3 /6
|C14]| <P x <o<njl/610gm> .

As a consequence, letting

Zl el
v = H Di7gW ]lk - H Di7gW ]lk
=2 l=lo
we have
lo—07
ol =1>" > Cu
=1 CeCy

ly—Ly Lo~ 5/3..1/3 Ar1/6 ¢
L L5373 N
< Z Z [CTLg]| < Z <£> : <O(ml/610gm)) < O(

(=1 CeCy (=1

Finally, we use the randomness of B (recall that v does not depend on B), we conclude that

with probability at least 1 — e~ (™) it satisfies

uas o7 <o (72 )

This time, we define set C to be
12 N
C =< [ DeW')eW'=<t | ¢4 € {0,1},VE € [£1, L]
=Ly

For each ¢ € [¢y — ¢1], we define set Cy
C,={C € C | W appears / times in C}.

46

p3701/3N1/6

m1/6

)



One can carefully derive that!'®

I 4 7\5/6..5/3
la' BDW ---WDy| <0 [ 220
mi/3
By Lemma C.7 we have
— L™VN
‘zTDW' . .WDy’ < HZH2 . O(L7> . HyH2 < O(\/\/T;TO> ,

|2TDW - WD1| < [l2]l2- O(LT) - | Lill2 < O(LT) .

Therefore, for each C' € C; we can upper bound ||a" BC||5 as follows

4N5/6 5/3 L'VNr
T _ L VAo ) 7
a"BOL| <0 [ B 0( T ) O(L")
and therefore
lo—ty
LHS= | Y > a'BCI,
=1 CeCy
lo—ty 4 n15/6.5/3 7 -1 12 A75/6..5/3
by — 1y p*N5/67, L™V/Nry . pl2N°/61]
: ;( ( )'O gz b O<W) O <O\ — 5 —

]

15Since we have done this too many times, let us quickly point out the calculation. By Corollary B.19, we have
2
with probability at least 1 — e~ (")

70| V]

la" BDW ---WDy| < |lall2 - v/IN[logm - [|yll2 < [[yllsollyllo - p <

<

Using binomial expansion again, we have

L

la" BDW ---WDy —a' BDW --- W Dy| <Z< >|a BDW ---WD'||- |D'W---WD'|5" - |D'W --- WDyl
=1

L

o slogm et slogm
Z m)- ml/6 \ e “lyl
=1

slogm\ VNt A N5/6.,5/3
< O(L)(sm'* 10g )(mfm)- °=0(” “

IN

Jm mi/3
Here, we have used Corollary B.18 and Corollary B.15 with parameter s = O(L>?73/*N'/%) chosen from
Lemma C.2b, as well as ||y|| < %
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D Indicator and Backward Coordinate Bounds

In this section, let W € R™*™ A € R™*% and B € R¥™ denote three random matrices where
each entry of W and A is i.i.d. sampled from N (0, %) and each entry of B is i.i.d. sampled
from N(0,3). We let {loss;, € R?: i € [n],¢ € [L]\{1}} be arbitrary fixed vectors, and let
i*,0* = argmax; ¢ || loss; ¢ [|2.

e In Section D.1, we prove that there are sufficiently many coordinates k& € [m] such that the
quantity [(gie+1)kl = |(Whie + Az ei1)g] is small for (i,0) = (:*,¢*) but large for (i,£) €
[n] x {€*, 0%+ 1, L}\(i*, ¢*).

e In Section D.2, we prove that there are sufficiently many coordinates k& € [m] such that
]Za(Back;x*_}a -loss;x )| is large.
D.1 Indicator Coordinate Bound

For this section, we fix some choice of i* € [n] and ¢* € [L]\{1}, and define two parameters

Definition D.1.

def 5 def (5
By = ? and [ = ﬁ

Lemma D.2 (indicator coordinate bound, c.f. (7.3)). Suppose W and A follow from random
initialization. Given fived set N1 C [m| and define

|(Whi,Z+sz‘,Z+1)k‘ < B_/\/ﬁ, ifi = i*)[:ﬁ*;
|(Whie + Azigi1),| > Be/v/m, ifi#i* and L =0*;
|(Whie+ Aﬂ?i,[_t'_l)k‘ > By /v/m, ifi€[n] and € > (%

Then, as long as |[N1| > n?L%/B_, we have

BN —Q(B-|NI/L)
P Nyl >—| >1— -1 .
i [ VT

def

Ny=<keMN

Lemma D.3. Suppose W and A follow from random initialization. Given fized set N1 C [m] and
define

Ngd:ef{k‘GNl

W, B_
‘( k7h’i*,€*> + <Ak,$i*7,€*+1>‘ < ﬁ .
Then, we have

[|N2| > ﬁ;gﬂ > 1 — ¢ UB-IN1I/L)

Pr
W,A

Proof. Let i = 4" and £ = ¢*. Similar to the proof of Lemma B.3, we can write

y=Whio+ Axi g1 = WUU, hig + Az o1 = Miz1 + Moz
where M; € R™™ My = A, 21 = U hjy and 29 = z; p11. Again, the entries of M7 and Ms are

Z R k) +
i.id. from NV(0,2).
Now, suppose z1 is fixed (instead of depending on the randomness of W and A), and it satisfies
2 2

||21|| < 6L. We have each entry of y is is distributed as N/ (0, W) By property of Gaussian
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(see Fact A.12), we have for each y € [m],

. [ka! - 0.95_} .2 0.98_ . B

v |73\ e+ 2P T 150
Since we have |Np| independent random variables, applying a Chernoff bound, we have
0.96_ B_
k€ Ny: < > =

Finally, by taking a union bound with respect to the e-net over all possible choices of z; € R™, we
have that

Pr |

\Nﬂ} > 1~ exp(— QB Mi|/L)) -

p- p-
ke Ny: <3 >—|Ny|| >1-— —Q(B-|N1|/L)) .
{bemimi< S} = foiml] 2 1- e mp/m)
for all 2 and a fixed 22. Plugging in the random choice of 21 = U, h; ¢ (and we have |z1|| < 6L by
Lemma B.3), we have the desired result.

Pr |

Observe that the set No produced by Lemma D.3 only depends on the randomness of A, WUp«_1
and Why« ¢«. In other words, for any unit vector z € R™ that is orthogonal to the columns of Up«_;
and orthogonal to h;x ¢+, we have that Wz is independent of N».

We next proceed to refine Ns:

Lemma D.4 (i # i*,{ = (*). Suppose W and A follow from random initialization, and Ny C [m]
is a given set (that may only depend on the randomness of A, WU;=_1 and Whj= ¢+ ). Define

Ngz{kENQ

‘<Wk,hi7g*> + <Ak,.’13‘i7g*+1>| Z 5,’717Vl S [n]\z*} .

Then

1
Pr |:‘N3‘ Z §|N2’

A, I/‘/ljg*,l7 Whi*,é*:| Z 1 — e_Q(‘NQVn).
Proof. First fix some i € [n]\i* and ¢ = ¢*. Define set N3,

Ngﬂ' def {k € Ny

[(Whs hig) + (A, Tie41)| > 5%} :

Let v & (I=Up—1U,” )hix 4
I(I=Ue—1U," Yhix ol

and let column orthonormal matrix

def

U = GS(Ug_l,hi*j) = [Ug_l,v] .
We have
(Wi hig) + (A, i041) = (WUU}W + Az + W - UUT)hM)k

The rest of the proof is focusing on having the WU and A being fixed (so the first two vectors
WUUh; o+ Az; ¢4 are fixed), and letting W (I — UUT)hM be the only random variable. We have

(I~ UUT Yl T
’ m

W(I —UU Yhiy~N <o

and therefore for a fixed vector u it satisfies

21(I —UU higpl2-1
Whi,z + Axi,f-H = WUUhM + Axi,f—i-l + W(I — UUT)hi’g ~N <u, H( ) ’ZH2 >

m
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According to Lemma B.9, with probability at least 1—exp(—Q(y/m)), it satisfies ||(I—UU " )h; ¢||2 >
%. By property of Gaussian distribution (see Fact A.12), we have for each k € Na:

B B 1
Pr ||(Whig + Az gs1)i] > = ( WUA|21="=>1- 1 .
Applying Chernoff bound, with probability at least 1 — e=*(IN2l/") we have |N3;| > (1 — 5-)|Nal.
Applying union bound over all possible i € [n] \ {i"}, we have N3 = (1), ,;» N3; has cardinality at

least % ]

Lemma D.5 (¢ > ¢*). Suppose W and A follow from random initialization, and N3 C [m] is a
given set (that may only depend on the randomness of A, WUy« ). Define

N4={]€€N3

B . *
[(Wh, hie) + (Ak, Tijer1)| 2 ﬁ,w € [n], 0> 1
Then

1
Pr |:‘N4| 2 §’N3’

A, WUE*} > 1 — e QNsl/nL)
Proof. Letting Ny ¢- & N3. For any i € [n] and £ =0* + 1,0+ 2,..., L, we define Ny ; ¢ as

def
Nyie = {k? € Nyp—1

(W, hie) + (Ag, Tieg1)| > %} and Ny, = ﬂ Nyio -
i€[n]

We rewrite
Wiy hid) + (A 2ip1) = WU Ul hig + Az oir + W(I = Up 1 U Dhig)s -

The rest of the proof is focusing on having the WU,_; and A being fixed (so the first two vectors
WUUR; g + Az;igqq are fixed and Nyp—; is fixed), and letting W (I — Ug_lUgTil)hi’g be the only
random variable. We have

2/(I — Up_1 UL Dhill3- 1
W(I_Uff—leT—ﬂhi,eNN(O, I U )hiell3 )

m

and therefore for a fixed vector u it satisfies

20(I = Up—qU," higl3- 1
Whi 4 Azi o1 = WU Up_rhi g+ Az g1+ W (I=Up 1 U hig ~ N (n, o

m

According to Lemma B.6, with probability at least 1—exp(—Q(y/m)), it satisfies ||(I-UU " )h; ¢||2 >
g. By property of Gaussian distribution (see Fact A.12), we have for each k € Ny _1:

—~ 5_ ﬁ_ 1
W h.; . > >l ——>1— —— .
Pr [\( hig+ Az p1)i] > NG ‘ WU, Al > 1 52 1 ™z

Applying Chernoff bound, we have

Pr |:|N4,i’g

1
> (1= —)|Nys )W LAl > 1= e Nueal/nn)
2 (1= o) Nae] | WU, }_ e

Applying union bound over all possible i € [n], we have Ny, = ﬂie[n} Ny ¢ has cardinality at least
(1 — 3-)|Nay—1|. After telescoping we have |[Ny| = [Ny 1| > §|N3|. []

D.2 Backward Coordinate Bound

Recall the following notions
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Definition D.6. Given matrices W, A, B. For each i, for each £, we define
Back, s,¢ = B € R>™,
For each i, for each a > ¢+ 1, we define

Backi ¢ sq = BD; oW - D; gy W € R¥™,

The goal of this section is to prove Lemma D.7.

Lemma D.7 (backward coordinate bound, c.f. (7.2)). Let p = ndLlogm and ¢ = nLdd~! log(m/e)
Let {loss;y € R%: i € [n],¢ € [L]\{1}} be fized vectors and i*,* = argmax;||loss;¢[|2. If
W e R™X™m A ¢ Rm*de B € R™™ qgre random, and Ny C [m] is a set with |Ng| € [p*, 1% (N4
can depend on the randomness of W and A, but not depend on B). Define

L
. || loss;= ¢ |2
N5 e Ny E Back . ,. lossi o)k > —————
a:Ml( e 1va (0SS a) 6v/dnL

Then with probability at least 1 — e_Q(pZ), we have
1
Vil = (1= 5 ) 1Nl

Proof. For notational simplicity, in the proof we use ¢ to denote £*, use N to denote Ny, and drop
the subscript i*. We denote B € R®™ as [by, by, ,b,,] where each b; € R?. We denote by
Ca,é—i—l == DaW e Dg+]_W.

We define a function vy (b1, b2, - ,bm) € R as follows
L
k(b bo, - ) =) (Back]y g - lossiq ).
a=/(+1

We can rewrite

L
T T
Vg (b1, b2, -+ b)) = (B -loss; g41 + Z BackHl%a-lossi,a)
a=0+2 k

L
= (BT -loss; g11 + Z (Ca,f+2)TBT . Iossw)
a=/0+2 k

L m
= (be,loss;p41) + Y <Z(Ca,e+2)k,j - by, |OSSi,a>

a—t42 \j=1
L L
= <bka|055i,£+1+ Z (Caev2)kj - |055i,a> + Z <bj Z (Capr2)k,j - Iossi,a>
a={0+2 JjE€m\k a=/0+2

where we have used (Cq¢42)r,; to denote the (k, j) entry of matrix C, gyo.

Choose parameter £;, = H?O\S/E’ZL”Q and we can define function h: R — [0, 1] by
o | [t - Ly, if|t] <1/L;
1, otherwise.

We have h(t) is £5,-Lipschitz continuous.
We define two probabilistic events Eq, Es.
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e Event F; depends on the randomness of W and A:

B {]zTCa,nggy\ < 1l a,¢ and for all 1-sparse vectors y, 2 }

IZ[[[ly]] for a
\/»
Corollary B.16 says Pr[E;] > 1 — ¢~20").

e Event Fs depends on the randomness of B:

Bl {|Bi,j| < % for all 4, j }

By Gaussian tail bound, we have Pr[Ey] > 1 — e~

In the rest of the proof, we assume W and A are fixed and satisfy E1. We let B be the only source
of randomness but we condition on B satisfies Fs.

For simplicity we use subscript —j to denote [m] \ j, and subscript —N to denote [m]\ N. For
instance, we shall write b = (b_g, bx) = (bn,b—nN).

Step 1. Fixing b_n and letting by be the only randomness, we claim for each k € V:

1 1
E|h >P >—>1——.
Elb] > Pr [l 2 5| 2 1- 127

We prove this inequality as follows. We can rewrite

L L
U = <bkv|055i,e+1+ > (Ca,e+2)k,k'|055i,a> + ) <bj7 > (Ca,e+2)k,j‘|055z‘,a>

a=(+2 JEN\{k} a=6+2
L

+ > <bﬂ" > (Cars2)r -lossia

JE[MI\N a=~0+2

and vy, is distributed as Gaussian random variable N(u1,0%), and p and o2 are defined as follows

L
H= Z <bj7 Z (Ca €+2) - loss; a>

JEM\N =042
2 I 2
1
loss; ¢ + Z Catr2)ik10ssial + - S D (Capro)iy - lossig
a=/(+2 ) ]GN\{k} a=/0+2 2
Meanwhile, we calculate that
L L
®
S (Cogsolig lossia| £ 32 [(Cosraiog] - o551
a=0+2 9  a={+2
o L ® Lp
< > [(Capra)igl- ossiglla < —= - || lossi¢ |2 (D.1)
a=0+2 \/m

where @ follows by triangle inequality, @ follows by i, { = arg max; ¢ || loss; ¢ ||, and ® follows from
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event F;. Therefore,

L

Z (Ca42)k,j - l0ss;q

a=0+2

|| lossi ¢ [|2 —

23(-7)

where the first step follows by ||a + b||2 > |lal|2 — ||b]|2, the second step follows by (D.1). In sum,
we have that vy, is a random Gaussian with o® > 5-||loss; ¢ [|3. This means,

| loss; ¢ ||2} . 1 .

[SHN

2

H |OSSl N4 ||2

1
P >—|>P >
Pr o> 5| > Prluf >

according to Fact A.12.
Step 2. For every by, by, -+ by, and b, € R? satisfying event Fy, for every j # k, we have

L
<bk — by ) Z (Ca,,f-‘r?)k,k ’ |OSSi,a>‘

|05 (g, br) — v (b_g, b)) =

a=0+2
L
< bk =Bl || D (Casa)in - ossia
a=0+2 2
Lp
<p- —|| loss; ¢ |2 < || loss; ¢ |2 (D.2)

vim f

where the second step follows by |(a,b)| < ||al|2 - ||b]|2, the third step follows by (D.1).

Step 3. Fixing b_y and letting function g(by, by, - , by) = > pen M(og(br, b2, -+ ,by)). We have

l9(bj,b—5) = g(bf,b-j)| = | > h(wk(by b)) = > hlvr(b], b

keN keN
< D [h(on(b b)) = h(og (b, b))
keN
= |h(v;(bs,b-j)) = (v (V). 0-)) |+ D |h(vk(bs, boj)) = h(ve(b},b-5))]
keN\{j}
®
S 1 + Z Uk b]ab*])) h(vk(b;ab*])”
keN\{j}
<1+ > Ch-fok(by, bj) — vr(bf, b))
keN\{j}
@ 3vdnL ( 3||Iossig\|2>
<1+ |N nLdlogm)’ —=—=
N ioss, 1\ Etos =
] 4
<14 |N|-3(nLdlogm) <.

vm
Above, inequality @ follows by h(t) € [0, 1], inequality @ follows from (D.2). Using McDiarmid

93



inequality (see Lemma A.18), we have

2
P b1, ,by) — E > < TRIN
bNr[g( 1,00 5 bm) bN[g]’_5] —eXp< 8|N|>
IN| [N
P b1, ,by) — E > — T 19](n T2
— H9< 10 bm) bN[g]‘ = dnr| <P 128(nL)?

where we choose ¢ = %.
Finally, combining this with Step 1 —which gives Ey [g(b1, -+ ,bm)] > |N|(1 — ;27)— we have

with probability at least 1 — e~ (INI/ (nL)*) gver randomness of by,

1
b)) >IN (1 - —

_ loss; ¢ |2
L_)-fraction of k € N will have |vj,| > 22h NI [

This implies at least (

E Gradient Bound at Random Initialization (Theorem 5)

The goal of this section is to understand the lower and upper bounds of gradients. Instead of
analyzing the true gradient directly —where the forward and backward propagation have correlated
randomness— we assume that the loss vectors {l0ss; o }ic[n] acf2,..,0} are fixed (no randomness) in
this section, as opposed to being defined as loss; o = Bhi,q — y;, which is random. We call this the
“fake loss.” We define a corresponding “fake gradient” with respect to this fixed loss.

Definition E.1 (fake gradient, c.f. (7.1)). Given fized vectors {10ss;a}icin) acf2,...1}, we define

n L a—1

def
Vif(W)E DTS (Back]pyqa - 1058ia)k it - LWy byt (Ap g 1) 20
=1 a=2 /=1
n L a—1
= def T T
VW)=Y NS " Digra(Back{ - lossia) - hiy
i=1 a=2 (=1
L a-1
def T
Vfz = Z D p+1 (Back, +1sa " 10SSia) Ry
a=2 (=1

a
a—

In our analysis, we also write it as

L1
Vif(W) = Z Z(ui,f)k “hig - 1(gi,e+1)k20
i=1 (=1
R n L-—1
VW)= Z Dipi1ugy - hze
i=1 =1
~ L—1
VW) => Djeriuig- hiT,é
=1

where vectors u; ¢, g; ¢+1 € R™ are defined as

def

L
T def
Ui = Z Back; y 154 - lossiq Giv+1 = Whie+ Az .
a=/(+1

We first state a simple upper bound on the gradients.
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Lemma E.2. Letting p = nLdlogm, given fized vectors {loss; ; € Rd}ie[n],fe[L]\{1}> with probabil-
ity at least 1 — e~ UM/L?) per W, A, B, we have

IVF(W)|lr < O(nL/m) - max{|[loss;¢[|} and
Vi € [n]: |V fi(W)llr < O(L8V/m) - max{ [ loss; ¢ [|} -

With probability at least 1 — e_Q(p2), we have for every k € [m]:
IVEF(W)]l2 < O(npL?) ~max{]|loss;¢ ||} -

Proof of Lemma E.2. For each 1, a,f, we can calculate that

| Dicsr(Backliy1 o lossia) - by = [ Dicrr(Backlpy sy -lossia) | - 1012

< [IBacki e11-ally - [110sSiq [|2 - |2l

©)
<O(Wm)-O(L?) - O(L) - || lossia |2 -

where inequality @ uses Lemma B.11, Lemma B.3, and ||Bll2 < O(y/m) with high probability.
Applying triangle inequality and using the definition of fake gradient (see Definition E.1), we finish
the proof of the first statement.

As for the second statement, we replace the use of Lemma B.11 with Corollary B.19. ]

The rest of this section is devoted to proving a (much more involved) lower bound on this fake
gradient.

Theorem 5 (gradient lower bound at random init, restated). Letting p = nLdlogm, given fixed
vectors {loss; ; € Rd}z’e[n],ee[L]\{l}f with probability at least 1 — e=UP*) gyer W, A, B, we have

~ 0
90712 0 (57 ) xomx max(losse 2}

In the rest of this section, we first present a elegant way to decompose the randomness in
Section E.1 (motivated by smooth analysis [89]). We give a lower bound on the expected fake
gradient in Section E.2. We then calculate the stability of fake gradient against rank-one pertur-
bations in Section E.3. Finally, in Section E.4, we apply our extended McDiarmid’s inequality to
prove Theorem 5.

E.1 Randomness Decomposition

We introduce a parameter 6 as follows:

Definition E.3. Choose any

0clp*B-.p" By

where the notions f_ and S come from Definition D.1. We have 6 <

>

In the next lemma, we introduce a way to decompose the randomness of W into W = Wy + W’
for two corollated random matrices Wo and W'. We will make sure that the entries of W5 are also
i.i.d. from N(0, 2). This definition requires us to choose a specific pair (i*, £*) € [n] x [L].
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Lemma E.4. Suppose W and A follow from random initialization. Given any fixed i* € [n],
¢* € [L], and parameter 0 € ((), ﬁ], letting random vector v g« € R™ be defined as

v def (I - UZ*—IUg—Efl)hi*,é*

i 0x = 5

Z (1 = Upe—1Up_y ) hin oo |12

then we can write W = Wo + W' for two random matrices Wo € R™*™ and W' € R™*™ where
(a) entries of Wy are i.i.d. drawn from N(0, =) (so Wa is in the same distribution as W );

(b) W' is correlated with W and can be written as W' = uv,L g+ for some u € R™;

(c) With probability at least 1 — e~ ") over the randomness of Wy:

Vk: Pr {uk = (Wop o) > ——= and

(d) With probability at least 1 — e=*) over the randomness of W

36 o
P = [|W v:x px < 2P AWl > 1 — e 2007
WI’. |:H'Uf||oo H Vix ¢ Hoo =~ 2\/m ’ 2:| >1—e

Proof. Since v;« ¢« only depends on the randomness of WUy-_1, we have Wov;» = ~ N (0, %) As
a result, letting g1, g2 € R™ be two independent random Gaussian vectors sampled from N (0, %),
we can couple them to make sure

W g = V1—02g; +0gs .
We define Wy, W/ € R"*"™ as follows
Wa = WUp Uy + g1vge o + W(I = Up UL 1) (I = vpe o0 o)
W= uv;e* where u = fgy — (1 — M)gl
e It is easy to verify that

Wo+ W' =W({I - vi*ﬁv;’g*) + g1 e+ (092 — (1 - M)gl)v;ﬁ
= W(I — v g=v3e 1) + (092 + V1 = 0g1)vl .
= W (I — vj= +v;» 75*) + Wope pev, e
=W.

e We verify that the entries of Wy are i.i.d. Gaussian in two steps.

On one hand, let U = [ﬁl, . ,ﬁm] € R™*™ be an arbitrary orthonormal matrix where its first
nL columns are identical to Uy, € R™*"L. For each k € LnL although /f;k may depend on the
randomness of W = Wy + W, it can only depend on W[hl, ...y hg—1]. Therefore, conditioning
on the randomness of Wy [hl, .. hk 1], we have that Wghk is still AV(0, 2I) This shows that
all entries of WhU still follow from N(0,2).

On the other hand, let V. = WU = [V1,...,0m] € R™*™ then we have v = Wgﬁk is
independent of hj as argued above. Since each v ~ N(0, 3”—[), we have that all entries of
vl =%, vkkk are i.i.d. from N(0, 2). Since W, = VU this concludes the proof.
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e By standard Gaussian tail bound, we have with probability at least 1 — 6_9(92), it satisfies
2

[g1llec < ﬁ and therefore ||(1 — V1 —602)g1]00 < 9—\/%. If this happens, for every k € [m], we

have (see for instance Fact A.12) that Prg,[(0g2)r > > % and Prg,[(0g2)r < —%] > %.

Recalling

vl
vm

u= (g2 —(1—vV1—-6%g .

and using the fact that 6 < ﬁ, we conclude that
P[ > f ‘WA}>1 dP[ < f ‘WA}>1
r — - a r e - .
we LR T o m [T =y e g [ 2vm | 2Ty

e Again by Gaussian tail bound, we have with probability at least 1 — e‘Q(pQ), it satisfies

191 1[0c: lg2lloc < ﬁ. Therefore, ||(1 — V1 —6%)g1]jec < 92\/—% and using our assumption on

0, we have

fulle = (6~ (= VI= | < 22

L]

Lemma E.5. Given any fized i* € [n], ¢* € [L], and parameter 6 € (O, i}, and suppose suppose W
and A are at random initialization and W = Wo + W' where W' = uv;: o (following Lemma E.4).
Now, we introduce another two ways of decomposing randomness based on this definition.

(a) Given fized k € [m], we can write W = Wo+W, where W, = ukviz’é* forug = (0,...,0,ug,0,..
that is non-zero only at the k-th coordinate. We again have the entries of Wy are i.i.d. from
N(0,2).

(b) Given fized N C [m], we can write W = Wy + W}, where W}, = “sz'T*,z* for un being the
projection of u onto coordinates in N (so ||ullo = |N|). We again have the entries of Wy are
i.i.d. from N(0,2).

(¢) Given fired N C [m], we can write W = Wa + W{ + W'\ where Wy, = “NUiT*,z* and W' =

u_NviT*yz*. Here, u_p is the projection of u onto coordinates in [m]\ N.

Proof. The proofs are analogous to Lemma E.4. ]

E.2 Gradient Lower Bound in Expectation

The goal of this subsection is to prove Lemma E.6 and then translate it into our Core Lemma A
(see Lemma E.7).

Lemma E.6 (c.f. (7.6)). Let p = nLdlogm and o = nLdS 'log(m/e). Fix integer N €
[05/8=,0'%°, 6 from Definition E.S3, fix vectors {loss;, € Rd}ie[n],ée[L}\{1}7 let (i*,£*) = argmin, ,
{IMoss; ¢ ||}. Suppose Wi, A, B are at random initialization, and suppose W}, is defined according
to Lemma E.5b so that W = Wy + W}, is also at random initialization. With probability at least
1 — e~ over the randomness of W1, A, B, we have

- || lossi« ¢+ [|2 B-|N|
keEN | E ||[Vif(Wi+Wh)|o| > Q(T—fR2) 1) > Po]
{ ‘ W [” ef (Wt N)HQ} = < nIvd ) = 100L
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E.2.1 Proof of Lemma E.6

Throughout this proof we denote by W = W;. We introduce some (old and new) notations:

B/S&T(z',eae = B, Back;¢¢ = B

Backi¢q = BDj oW -+ Dj g1 W, Backi¢sa = BDj oW -+ D; g1 W,
and we let Back;7£_>a = Back; ¢4 —B/SET(MHG. For each i € [n], £ € [L], we define

Gio =Ax; 0 +WD; o 1901 Gip =Ax; 0 +WD; o 1901 Gio =i0 — Jie

hie =D; o(Axig+ Whie_1) hie =D; o(Axi g+ Whie_1) iy =hig — hig

Lo L
Wip = Z Back,_,, 10ss; 4 Ujp = Z Back;r_m loss; u;g =i — Uiy
a=~{ a=/{

We also let

(I = Up Uy hie -
(I = Upe1UL_y )iz g+ |2

Vjx g =

and recall from Lemma E.4d, we have

SR R™ with Il — [N and - T ar 30p _[07* ¥
Wi = yvs 4+ for some y € with [|y|lo = |N| and ||y]|ec < Jm avm € [\/ﬁ’ \/m]
Proof of Lemma E.6. We let Ny = N, apply Lemma D.2 to obtain Ny C Ny with |Ng| > 661‘&/1‘,
and apply Lemma D.7 to obtain N5 C N4. According to the statements of these lemmas, we know
that with probability at least 1 — e*Q(pQ), the random choice of Wy, A, B will satisfy |N5| > B 1‘0‘(])\2‘.

Fixing such k € N5, we use u; ¢ to denote (u; ¢)x and g; ¢ to denote (g; ¢)x for notational simplicity.

We can rewrite Vj, f (W) as follows and apply triangle inequality:
IV W)]] = |

.|

Wi g = e e - 191‘*,[*+120 + Z(i,é);é(i*,é*) i - i - 1gi,e+1ZOH

Uis v~ Piw v~ Lge o120+ D05, 0236 00) Uit~ Pt - 1gi,e+120H )

&

' T ~ / / /
W g Py + Wip - By p g hyy

=D i ‘

‘2

[
where recall g; p11 = (Wi, hi o) + (Ag, Tio1)-
Step 1. To bound the # term on the RHS of (E.1), we consider the following bounds:
1. Using Lemma C.11, we have with probability at least 1 — e‘Q(Pg), for all 7,4, a

o 3.1/3 176

T
‘(BaCkLg%a . |OSSZ'7a)k — (BaCkLgHa . |OSSZ'7a)k‘ < O(MW) : H |OSSZ‘7Q H .

This implies, by triangle inequality and the fact that || loss; 4 || < || loss;« o+ ||,

2. Using Corollary B.19, we have with probability at least 1 — e‘Q(p2), for all 7,4, a

|(Back; ¢—q - 10ss;q)k| < plllossiq || -
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This implies, by triangle inequality and the fact that || loss; o || < || loss; o+ ||,
(il < pP|[l0ssiv o | -
3. Using Lemma B.3 and Lemma C.2a we have
lhiellz < O(L) and |1} ]2 < O(L°mV/N)/m'/?

All together, they imply

Sl

6 1/3]\[1/6
‘2 < O M) lossie - | - (E.2)

T ~ / / /
W g hije + Uie - by y gy hy g

Step 2. We next turn to the & term on the RHS of (E.1). We divide into three cases to analyze
the sign change of g; 41 for all possible ¢ and ¢ in the above formula (under the randomness of
Wy ). Before we do so, first note that Lemma C.10 implies

8N2/3 5/6
(WHL el = (W1 + Wil < O(F——570—) (E:3)
m

1. Consider g; ¢4 for the case of i = i*,/ = £*. We want to show that the sign of g; ,+1 changes
(at least with constant probability) with respect to the randomness of W},. One can easily
check that:'0

i1 = ( Ak Tipr1) + (Wihi e + (Wh e + (Wavir - |1 = UieaUl Dhaglla. (E.4)

By Lemma D.2, we have |(Ay, x; ) + (W1Ei7g)k] < 5—;71 Thus, putting this and (E.3) into (E.4),
we can write

Givr1 =2+ (Whvio)k - |(I = UpmrU D higlla

for some value = with |Z| < \/» By Lemma B.6, we have ||(I—Up—1U," 1) el > Q(m)
By Lemma E.4c, we have (W), ¢); shall be larger than 5 6m and smaller than —% each

with probability at least 1/4. Since by our choice of § (see Definition E.3),
0 Q( 1 26— |

2ym  “L2log®m vm

This concludes that, with probability at least 1 — e=P*) over W1 and A, it satisfies

> 1
5
i)k

[1]

) > > |

Pr [gier1 >0 | Wi, Al > and Pr [Gie41 <0 | Wi, Al >

5
16We can write (gi,l+1)k = (A, wioi1) + (W(hie + hi o)k = <Ak,$i,z+1> + (Whie)e + (W
term in the above equation, we have

For the second

~ W(I = Ue—rU Dhi
(Whie)k = (WUéerTlhi,l‘F ( =1Up)

(I = UeaU] ) zz||2
(WUZAU;ﬁi,e + Woel|(I — U271U271h¢,£)\|2)k

||([ Ue—r U/~ 1)hz£”2>
k

e

|l®

(W1U£71U4T_1Ei,é + W'Ui,ZH(I - UZ*IUYZ—I——IF}V“,Z)HQ)]C

lle

(Wle—1U;_1ﬁi,/z + Wivie||(I — Uz—erT_1ﬁi,z)H2)k + (Wzlv’Ui,z (I - Uz—1U1T—1?Li,4)H2)k
= (Wihio)k + Whvio)k - |(I = Ue—1Ug—1hi o))z

where @ follows by definition of v; », @ follows by definition of W1, @ follows by W = Wy + Wy.
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2. Consider g; ¢+ for the case of i € [n|\{i*},£ = ¢* or i € [n],£ > ¢*. We want to show the sign
of g; ¢41 is fixed, meaning with high probability independent of the choice of W},. One can
easily check that:

Gir1 = (A, zioi1) + (Wihig)i + (Whi e + (Whhie)e - (E.5)

By Lemma D.2, we have (A, x; ) +(W1%i,g)k| > % Thus, putting this and (E.3) into (E.6),
we can write

Gis1 =+ (Wihiok = Z+ (Whvie g )i - (Wie 4o i)
for some value = with |=| > \F By Lemma B.3, we have ](vi*,g*,ﬁwﬂ < H?LMHQ < O(L). By
Lemma E.4d, we have [(Wvj ¢+ )| < % and by our choice of 6 (see Definition E.3),
o) < ZE<
This concludes that, with probability at least 1 — e~ ") over Wi and A, it satisfies
Js € {-1,1}: 5},1; [sgn(gige) =s | Wi, A] > 1— e %)

3. Consider g; ¢4 for the case of i € [n] and £ < £*. We want to show such g; ¢+ is fixed, meaning
independent of W},. One can easily check that:

Gier1 = (A, Tige1) + (Wihi o) + (WhE e + (Withio) - (E.6)
Now, since ¢ < £*, we know h; ¢ = ﬁi’g because both of which only depend on the randomness
of WUp+_1 = WiUp+_1 and A; this implies h;, = 0. Also, since W}, = (WJ’VUi*,g*)v;j* but
<'Ui*7£*,%i,€> = 0, we know that
Gip1 = (A Tigi1) + (Wihi )
This is a fixed value, independent of Wy,.
Therefore, combining the three cases above, we conclude that with at least constant probability, the

sign of g;« ¢«41 can possibly change, but the sign of g; 1 will not change for any other (i, £) # (i*, £*).
This means,

sal= s |

Ui =+ e g - 19i*,£*+120 + Z(i,@);ﬁ(i*,é*) Ui - hig - 191,2-0—120“2]

2) = Q| ¢+ - i - 2)

Finally, for each k£ € N5, owing to Lemma D.7 and Lemma B.3, we have

v

Q[ g+ hie -

L
_ —T || Iossi* o |2 - 1
P P Back.s s . lOSS: > 227,07 112 d MNhie el > = .
| g+ |2 aEZ*( ackis px_yq 108Si* o)k | > o/inL ™ R e+ ll2 > 5

This means,

|| loss;x ¢+ [|2

E & > [§) <’
4 VdnL
Putting (E.2) and (E.7) back to (E.1), we conclude that

> . (E.7)

~ || loss;« g+ ||2>
Vk € Ns:  E[||IVef(W)]] >0 ——"=
s BRLrn) > o (R
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E.2.2 Core Lemma A

In Lemma E.6, we split W into W = W; + W}, for a fixed N C [m]. In this subsection, we split
W into three parts W = Wy + W}, + W’ 5 following Lemma E.5c. Our purpose is to rewrite
Lemma E.6 into the following variant:

Lemma E.7 (Core Lemma A). Let p = nLdlogm and ¢ = nLdd~!log(m/e). Fiz vectors
{loss; ¢ € R} ey eeipp 1y integer |N| € [p°/B-, 0'%], and parameter t = m/|N|. Let Ny,..., Ny
be i.i.d. random subsets of [m] with cardinality |N;| = |N|. Then,
e with probability > 1 — e=UP*) over the randomness of Wa, A, B and N1, - -+ Ny, the following
holds:
— for every N € {Ny1, No,---, N¢}, the following holds:
* with probability at 1 — e=P*) gver the randomness of W', the following holds:

~ _|N
5 5 (1907 + W+ 7 )1] 2 0 () s ossc
hen VN p ot

Proof of Lemma E.7. We denote by (i*,(*) = argmax; ; || loss; ¢ [|[2. We first note that Lemma E.6
directly implies
e with probability > 1 — e=UP*) over the randomness of Wo, W'\, A, B, N, the following holds:

= loss;« ¢+ ||2 B
REN| E [[Vif(Wo+ W,y + Wi }>Q<H7> > =N
{ ‘ (VRS2 2ot Wil = O = 100z V!
or putting it in another way, using our choice of ¢,

e with probability > 1 — e~ UP") over the randomness of Wo, W'\, A, B, N, the following holds

(¢ = % for some sufficiently large constant):

ZVI@ [”ﬁkf(WQ-i-Wl,N—FWN)H% > q - || lossi ¢+ 13-

keN N

Applying simple tricks to switch the ordering of randomness (see Fact A.2), we have
e with probability > 1 — e=P*) over the randomness of Ws, A, B, the following holds:
— with probability > 1 — e~ UP*) over the randomness of N , the following holds:
* with probability > 1 — e~ ") over randomness of W' - the following holds:

> EIVef(Wa + Wi+ WLy)3] > g- [[lossi - |13
ken N
Repeating the choice of N for ¢ times, and using union bound, we have
e with probability > 1 — e~ UP*) over the randomness of Wa, A, B, the following holds:
— with probability > 1— e~ P*) gver the randomness of N1, No, -+, Ny, the following holds:
« for all N € {Ny, Na,---, N;}, the following holds:
- with probability > 1 — e=P*) over randomness of W' ~» the following holds:

" E(IVif(Wa+ Wi+ W.y)[3] > g- || lossi- -
kEN Wy

2
2-

Combining the above statement with Fact A.1 (to merge randomness), we conclude the proof. ]

61



E.3 Gradient Stability

The goal of this subsection is to prove Lemma E.8 and then translate it into our Core Lemma B
(see Lemma E.10).

Lemma E.8 (c.f. (7.7)). Fiz parameter p = nLdlogm, vectors {loss;, € Rd}ie[n},ée[L]\{l}a
(i*,0*) = argmin,; , {|[loss;¢ ||}, index j € [m]. Let N C [m] be a random subset containing j of
fized cardinality |[N|, let W, A, B be at random initialization, and Wj{’ be defined as Definition F.5a
so that W + WJ{’ s also at random initialization. Then, with probability at least 1 — e~ UP?)

// 1101/3
> IV WIE = 196V + W < O o + 2l ) (ES)
ke[N]

E.3.1 Proof of Lemma E.8

Throughout this proof we denote by W =W to emphasize that W is at random initialization. We
first show some properties before proving Lemma E.8.

Claim E.9. Fiz parameter p = nLdlogm, vectors {loss;; € Rd}z’e[n],ee[L]\{l}’ (i*,0*) = argmin, ,
{INoss; ¢ ||}, index j € [m]. Let W, A, B be at random initialization, and W' be defined as Lemma E.5a

so that W = W + W]’-’ s also at random initialization. Then, then with probability > 1 — e~ UP%)
over I/IN/, A, B, W]f’,

{ke | 197 g - 19| < 0 (22} = (1 £582)

(W + W”)H Hka ”2‘ < O(p%) for every k € [m].

Proof of Claim E.9. As before, let Di,g denote the diagonal matrix consisting of the indicator func-
tion 1(g, 041k 20 for its k-th diagonal entry. Let D;, be the same thing but with respect to weight

matrix W + W{’. Let D;’Z =D;,— 152-7g be the diagonal matrix of sign change.

e By Lemma C. 2 (Wlth T = 39” owing to Lemma E.4d), we have || Do < p*6%/3*m?/3. There-
fore, letting J & [m]\ Us e supp( i) be the set of all indices of sign changes, we have
592/3
|J| > m — nLp*0*3m?/3 > (1 - p1> -m
ml/3

Next, for every index k € J, we have

||§kf(w + W) - Vif (W)

n L
®
= ZZ ulf ’ Ze 1(91£+1)k>0 Zz(uﬂ)k'hivf'1(9i,e+1)k20
i=1 (=1 1=1 (=1 )
® n L n L
= 120D @ik i Lig om0 = D D (i hig - Lig )0
i=1 (=1 i=1 =1 2
e N L
<O @k - e = (Wid)k - hi) - g, iyl -
i=1 4=1
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where @ follows by definition, @ follows by our choice of k € J, and @ follows by triangle in-
equality. For each ¢, ¢, using the same proof as (E.2) (so invoking Lemma C.11, Corollary B.19,
Lemma B.3 and Lemma C.2a), we have with probability at least 1 — e~ UP?).

_ 6. 1/3
”(az,g)k . hi,g — (ui’g)k . hi,g”g < O(p 10/6 ) . H |OSSi*7a* H . (Eg)

which implies
N N N 6 1/3
VW +W)) = Vi f (W)l < O(E0 —75) - lossiax |-

Combining this with ||V f(W)|2 < O(p?) from Lemma E.2, we finish the proof of the first
item.

e For every index k € [m], we have

ka(W F W) = Ve f(W)]2

n L
= ZZ ulf “hig - 1 (Gi,e4+1)6>0 _ZZ UM ) M’l(gz‘,ul)kEU
i=1 (=1 i=1 (=1 2
n L _
<O D M@k Bl + 1 (wio)r - hie)llz -
=1 /=1

Using (E.9) and ||(@¢)k -%MHQ < O(p?L) (see the proof of Lemma E.2), we immediately have
the desired bound.

]

Proof of Lemma E.8. Letting J < {k‘ €|

pl1g1/3
| 107 + w1 - 19 78] < 0 (287 b
592/3

we have |J| > (1 - ”mﬁ) m according to Claim E.9.

Now, for the indices in N that are randomly sampled from [m], if [N N J| > |[N| — S for a
parameter S = p?, then we have

o o - o p1g1/3 p1101/3
S~ |IVF DI = Vs (W + WIB| < 1] - 06 + IN] -0 | 2= | <0 o V]
m/ m/6

keN
Otherwise, if [NNJ| < |N|—.5, this means at least S indices that are chosen from N are outside

S
J C [m]. This happens with probability at most (’if/;) < =), L]

E.3.2 Core Lemma B

In this subsection, we split W into three parts W = Wy + Wy + W’ 5 following def:random-
decomp:N-N. Our purpose is to rewrite Lemma E.8 into the following variant:
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Lemma E.10 (Core Lemma B). Let p = nLdlogm and o = nLdd~!log(m/e). Fix parameter
0 from Definition E.3, vectors {loss;, € Rd}z‘e[n],ée[L]\{l}, integer |N| € [1, 0'%], parameter t =
m/|N|. Let Ny,..., Ny be i.i.d. random subsets of [m] with cardinality |N;| = |N|. Then, with
probability > 1 — e=UP*) gver the randomness of Wa, A, B and N1y, --- Ny, the following holds:
o for every N € {Ny, Na,--- , N}, the following holds:
— with probability at 1 — e=UP*) gver the randomness of W', the following holds:
x with probability at least 1 — e~ ") over the randomness of Wy, we have :
- for all j € N, and for all W' = ujv;e* satisfying
(I=Upx —qU_ Dhix ghix ox

o = N <32 g =
fusllo =1 Hluglloe < s viner = GG 07 e o1

, (E.10)

we have

Soken (IVef(Wa + Wiy + W5 = ([Vif(Wa + Wy + Wy + W3

< O(p®) - max;¢ || loss; ¢ [|3 -

Proof of Lemma E.10. Without loss of generality we assume max; || loss; ¢ ||3 = 1 in the proof. We
now first rewrite Lemma E.8 as follows (recalling m is sufficiently large so we only need to keep the
O(p®) term):
e with probability > 1 — e=UP*) over random N C [m], random j € N, random W, A, B, and
random Wj, the following holds:

S 2 S 2 8 91101/3 8
> I mB = 19w +wIE[ <0 ( A+ P vl ) <06 . (')
ke[N]

We can split the randomness (see Fact A.1) and derive that
e With probability > 1 — e=UP*) over N C [m], W, A, B, the following holds:
— With probability > 1 — e~¥*) over j € N and W/, Eq. (E.11) holds.
Applying standard e-net argument, we derive that
e With probability > 1 — e~%¥*) over N C [m], W, A, B, the following holds:
— for all j € N, and for all W} = ujv;é* satisfying (E.10), we have Eq. (E.11) holds.
Finally, letting W = Wy + Wy + W’ 5, we have
e With probability > 1 — e=Ur") over the randomness of N C [m], Wa, Wn, W'\, A, B, the
following holds:
— for all j € N, and for all W} = ujviz’e* satisfying (E.10), we have

S IRFWa + Wi+ W) 3= IV (W + Wi+ W + W[ < 0 (%)

keEN
Finally, splitting the randomness (using Fact A.1), and applying a union bound over multiple
samples Ny, ..., N, we finish the proof. L]

E.4 Main Theorem: Proof of Theorem 5

Proof of Theorem 5. Without loss of generality, we assume that max; g || loss; ¢ ||3 = 1.

Combining Core Lemma A and B (i.e., Lemma E.7 and Lemma E.10), we know that if | V| is
appropriately chosen, with probability > 1—e=2(*) over the randomness of Ws, A, B and Ny, --- Ny,
the following holds:

o for every N € {Ny, No,---, N}, the following holds:
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— with probability at 1 — e=P*) over the randomness of W’ ~» the following boxed statement
holds:

the boxed statement
e (core A)

~ e _|N
Ewy, [Skew V6 (W2 + Wi + W7 )[3] > ¢ 0 (EM)

e (core B) with probability at least 1 — e~ 2" over the randomness of W}, the following holds:
— for all j € N, and for all W} = ujv,. ,. satisfying

 — . 30p _ U=Up a UL s ghix e
”UJHO - 1; HUJHOO S vm’ Uz*,ﬁ* - ||(I—U£*71U;¢,1)hi*,€*H2 9

we have

Spen |IVkf(Wa + Wi + W3 = [Vif(Wa + Wi + Wy + W3 <p = 0%

We now wish to apply our extended McDiarmid’s inequality (see Lemma A.19) to the boxed

statement. For this goal, recalling that Wy = u NUZI ¢~ for a vector uy € R™ that is only supported

on indices in N. That is, (uy)r = 0 for all k € N. Therefore, we can define function f (uy) <

Y okeN IV f (Wa + W’y +Wh)|? where Wj = quiT*’e*. We emphasize here that, inside the boxed
statement, Wa, W’ \; and v;« ¢« are already fixed, and uy is the only source of randomness.
Below, we condition on the high probability event (see Lemma E.4d) that ||uy|/c < %. The

boxed statement tells us:

o E,, [F(un)] > g, and

e With probability > 1 — e~ ") over up, it satisfies

Vj € [NLVU;{: ‘F(u*ﬁuj) - F(u*jvu;‘lﬂ <p.

At the same time, we have 0 < f (uy) < O(Np®) owing to Lemma E.2. Therefore, scaling down

F (un) by ©(Np®) (to make sure the function value stays in [0,1]), we can applying extended
McDiarmid’s inequality (see Lemma A.19), we have

8)2
q 2 —Q(?) (a/p°)
>0 >1-N2. — — . .
Pr|r(uy)2 5] 2 1- N2 P < ¢ <N(p/p8)2 T Ne 90) (E.12)
As long as N > ﬁ, we have that the above probability is at least 1 — e=r?)

Bz
Finally, we choose

022
N = 7 (E.13)
in order to satisfy Lemma E.7. We replace the boxed statement with (E.12). This tells us
e with probability > 1 — e~ ") over the randomness of Wy, A, B and Ny, - -+ N, the following
holds:
— for every N € {Ny1, Ng,---, N}, the following holds:
 with probability at 1 —e~%(*) over the randomness of W' n and Wy, the following holds:

5—|N|>

2

S IFLF 072+ Wi+ W)l =
keN

After rearranging randomness, and using W = Wy + W), + W’ 5, we have

65



e with probability > 1 — e~P*) over the randomness of W, A, B, the following holds:
— with probability > 1 — e~ UP*) over the randomness of Ny, -+ Ny, the following holds:
x for every N € {Ny1, No,---, N;}, the following holds:

SIS V)E > 0 <5N’)
keN p

Finally, since Ni,...,N; are t random subsets of [m], we know that with probability at least
1- e‘Q(pz), for each index k € [m], it is covered by at most p? random subsets. Therefore,

> IV (W ||2>f t><9<5"2N’>:Q<‘f4>xm.

keN P P
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F Gradient Bound After Perturbation (Theorem 3)

We use the same fake gradient notion (see Definition E.1) and first derive the following result based
on Lemma E.2 and Theorem 5.

Lemma F.1. Let p = nLdlogm and ¢ = nLdé 'log(m/e). Given fived vectors {loss;; €
Rd}ie[n},ée[L]\{l}: with probability at least 1 — e~ ") oper W, A, B, it satisfies for all W' € R"™>*™
with W'z < J& with 7o < 01,

~ o~ 0
97+ W1 = (g ) ¢ m ¢ o] s )

y

IV + W[5 < O(p'*m) x max{|lloss.¢ [}

)

1
IV f:(W + W)|[E < *O(P 2m) x mE;X{II lossi ¢ ||} -

Proof of Lemma F.1. Like before, we denote by 505 Ui 0 hZ . the corresponding matrices or vectors
when the weight matrix is W, and by D; ¢, u; ¢, hi ¢ the corresponding terms when when the weight
matrix is W =W + W',

Lower bound on ||V f(W + W’)||p. Recall

n L
VW + W) Z Z Di i1 (Z Back, ;_, loss; a) hig = Disyruich,
i=1 ¢=1

=1 4=1

In Theorem 5 of the previous section, we already have a lower bound on ||V f (W)H r. We just
need to upper bound |V f(W +W') =V f(W)||r.

A~ — o~ —_ @ ~ — ~
IVFOV + W) =V FEW)le = DD Digrruiehly — Digpatiich
i=1 (=1 F
o MK - _
< Z Z HDi,ZJrlui,EhZK - Dz‘,tfﬂﬁi,ehZe ‘F
=1 (=1
@ L
< > D eiehy Dj g1t} ghi gl + | Dy g1t ehl |7 + o(m/3).
=1 /=1

where @ follows by definition and @ and ® follow by the triangle inequality. Note that in inequality
® we have hidden four more higher order terms in o(m!/3). We ignore the details for how to bound
them, for the ease of presentation. We bound the three terms separately:

e Using Corollary B.18 (with s = O(L10/37'§/3) from Lemma C.2b) and Lemma B.3 we have

1D e r@ichil gl < 1D i Tiellz - [,
<O(L- L47'01/3m1/3 logm - ||loss; g+ ||2) - L

e Using HﬁMHHQ <1, Lemma C.9 and Lemma B.3 we have

1Di e hlgllr < I1Ds e ] -l gllz - iclle
< O(L- [/67'01/37711/3 logm - || loss;« ¢+ ||2) - L
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e Using ||152"[+1”2 <1, || ell2 < O(LY)/m]| loss; ¢« ||2 (implied by Lemma B.11) and Lemma C.2a,
we have

. N N
| Dieratiiehi o |p < 1Dierall - 1diell2 - (|75 el

1
S O(L4m . H |OSS7;*7K* ||2) . (LGT&/Qﬁ)
Putting it all together, we have
IVF(W + W) = VFW) ||z < 087 m*3) - || lossi= o+ || - (F.1)

Finally, using (a — b)? > %aQ — b2, we have
IV OV + W) = (IVF V)2 = [V OV + W) =V F (W) )
> NG~ I FGT + W)~ D7 (T)|%
Q (pi) x m x || lossi g ||

where the last step follows by (F.1) (with our sufficiently large choice of m) and Theorem 5.

v

Upper bound on |[VF(W + W')||p. Using (a+b)? < 242 + 2b2, we have
IVFW + W% < 2V FW)|[% +2|VFW + W) = VFW)]|%

2

2 0(012m) - lossy o |2 1 219 £V + W) — S £ < O(p12m) - || loss;
< O(p"m) - |[lossi g« ||z + 2[| V(W + W) = V(W) < O(p “m) - || loss;= ¢ || 7

where @ follows by Lemma E.2 and @ follows by (F.1).

Upper bound on ||§ f,(ﬁf + W)||p. This is completely analogous so we do not replicate the
proofs here. ]

By applying an e-net argument over all possible loss; ; € R?, we can modify Lemma F.1 from
“for fixed loss” to “for all loss.” This allows us to plug in the true loss loss; , = Bh;, — y;, and
derive that:

Theorem 3 (restated). Let p = nLdlogm and ¢ = nLdd~'log(m/e). With probability at least
100

1— e ) oper W, A, B, it satisfies for all W' € R™ ™ with [|[W'|)y < £,
. 5
VAW + W% > Q <p14> X m X H%E}X{H loss; ¢ 21
IVF(W +W)[[7 < O(p'*m) x max{]| loss; ¢ |[*}

IVEW + Wl < —

O(p**m) x max{ loss;¢ |[*} -

68



G Objective Smoothness (Theorem 4)

The purpose of this section is to prove

Theorem 4 (objective smoothness, restated). Let p = nLdlogm, o = nLdé *log(m/e), 19 €
(07190, 0190] " and W A, B be at random initialization. With pmbabzlzty at least 1 — e=2P*) gper

the randomness ofW A, B, we have for every W € R™ ™ with HW WH < \/Fn’ and for every
W' e R™ ™ with [|[W'|| < \/m, and letting (i*,0*) = argmaxlé{HIossngg}

FOV 4+ W) < FOW) + (VL) W) + O(p" 75 *m/3) - [[lossie -

2+ [IW'l2 + O(Lnm) [W'][3

We introduce the following notations before we go to proofs.

Definition G.1. Fori € [n] and ¢ € [L]:

gio =hio=0 Gio = hio =0 gi,0 = hip =0
Giy = th -1+ Axiy Jip = W;Li,ffl + Ax;p 9ip = (W + W) hie—1 + Az g
hz,@ = <Z5(the 1+ Aziy) ;Li,é = ¢<W;li,£71 + Axiy)  hig= (W + W) hie—1 + Az p)
|OVSSi’g = BlVLM —Yis
Define diagonal matrices 151',4 and DM respectively by letting
(Ds )ik = 1, w0 and (Dig)kg = Lz, )p0-
The following claim gives rise to a new recursive formula to calculate h; , — 711-7@.

Claim G.2 (c.f. (8.1)). There exist diagonal matrices D, € R™*™ with entries in [—1,1] such
that,
-1
Vie [ Vee L] hig—hie=Y (Die+ D})W -+ W(Djas1+ D}y )W hia (G.1)
a=1

Furthermore, we have ||h; p — (LY)||W'||2 and || D} "ollo < O(L'/37; 2/3 m2/3).

Proof of Claim G.2. We ignore the subscript in ¢ for cleanness, and calculate that
he — m S(W + W )he_y + Azg) — ¢(Whe_y + Azy)
(De -+ D) (W + W'hsy = Whe )
(De+D W (he—y = he-y) + (D + D YW'he—y
®

= Z(éf + DYYW -+ W(Day1 + Dy )W'h,

Above, @ is by the recursive definition of hy and hy; @ is by Proposition G.3 and Dy is defined
according to Proposition G.3; and inequality @ is by recursively computing hy_1 — ﬁg,l. As for the
two properties:
e We have ||hy — he|| < O(L?)||[W’||2. This is because we have
— (D¢ + DYYW -+ - W(Dgy1 + Dt 1)||, < O(LT) by Lemma C.7;

— |lhall < O(L) (by ||ha|| < O(L) from Lemma B.3 and ||hq — ha|| < o(1) from Lemma C.2a);
and
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— [[Whal| < [[W][2]hall.

e We have ||D![lo < O(L'/372/3m2/3).
This is because, (Dy )k is non-zero only at the coordinates k € [m] where the signs of g, and
ge are opposite (by Proposition G.3). Such a coordinate k must satisfy either (D¢)gr # (Do)k i
or (Eg)k7k # (Dy) i, and therefore by Lemma C.2 — with probability > 1 — e_Q(LGT§/3m1/3)

L10/3T§/3m2/3)

— there are at most O( such coordinates k.

]

Proof of Theorem /. First of all, since

1 . 1. . y 1 . . T y 1 y
51 Bhie — yill? = o lossi¢ + B(hie — hio)|l? = §|||055i,e\|2 +loss; (B(hie — hig) + 5 [|B(hie — hig)|?

(G.2)
we can write
FOV + W) = f(W) = (VF(W), W)
n L
@ I 1 * 7 *
= (VW) W)+ 53> IBhie =yl = | Bhie — vl
=1 /=2
® n L T 1
= —(VFW), W) + Z; ;; loss;.¢B(hie = hig) + 5 |1B(hie = hi)|*
® n L T 1
= ZZ'OSSLKB < zﬁ_ ZDZKW WDza+1W hz a) + §”B(hz,€_ hi,Z)HQ
i=1 /=2
n L T /—1
25N loss; , B (Z it + D)W - W (Diap1 + DYy )W hig — Di W - - WDZ-,QHW’hi,a)
i=1 (=2 a=1
1
+ S IB(hie = i)l (G.3)

Above, @ is by the definition of f(:); @ is by (G.2); @ is by the definition of Vf(-) (see Fact 2.5
for an explicit form of the gradient); @ is by Claim G.2.

We next bound the RHS of (G.3). We drop subscripts in i for notational simplicity. We first
use (G.1) in Claim G.2 to calculate

/—1
| Bhe = ho)ll < S NIB(Dg+ DYW - W (Darr + Dt )W'ha

a=1
/—1

< IIBllall(De + DYYW -+ - W (Day1 + Dy |2l W [[2 all
a=1
/—1

@ 7 / 9 /

<Y O(Vm)-O(L7) - O(L) - [W'||]a < O(L/m) - [W||a . (G.4)
a=1

In the last inequality @ above, we have used H(bg + D)W -+ W(Dgy1 + DgH)H < O(L") from

Lemma C.7; we have used [|Bl|2 < O(y/m) with high probability; and we have used ||hq| < O(L)
(by ||hall < O(L) from Lemma B.3 and ||hs — ha|| < o(1) from Lemma C.2a).

o 0/1 0/1 0/1 . . .
Since for each D, we can write it as D} = D/ Dy D/ , where each D/ is a diagonal matrix
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satisfying

/! .
O ={ o (T and 0P < 0@
) ¢ )kk — Y-

Therefore,
v T v ) v v v T Y v
‘Iossz B(Dy+ D)W -+ - W (Day1 + DI ) W'hg — loss, BDW -+ Doy W'hg

a

—
@ o ! — o v o v v v v o v U
< H|OSS£H2 . Z ( . CL)HBDW' "DWDO/1”2 . HDO/le"'DWDO/ng_l . ”D0/1W' ”WDW/haHQ

b=1
@ - = (t-a 2.1/3_1/3 p* - 7 1
<fhassila- Y- (1) o i) (005)) o 1wk o)
b=1
@ o
< [llossel2 - O(p g *m/3) - W]l (G.5)

Above, @ is an abbreviation and we have dropped the subscripts for the easy of presentation; @
uses Corollary B.18, Corollary B.15, Lemma C.7 and Lemma B.3.
Finally, we also have

c T v v o o [ o o
loss; BDW -+ Dy 1 W (ha — ha)| < |llossellz - O(v/m) - O(LT) - [|[W|2 - ||ha — hall2

@ 16 = 1112
< O(p™°vm) - |llossyla - [W']3 (G.6)

where @ uses Lemma C.7 and @ uses Claim G.2 to bound ||h, — hel|2.
Putting (G.4), (G.5) and (G.6) back to (G.3), and using triangle inequality, we have the desired
result. ]

G.1 Tool

Proposition G.3. Given vectors a,b € R™ and D € R™*™ the diagonal matriz where Dy} =
14,>0. Then, then there exists a diagonal matriz D" € R™*™ with

o | Dyl <1 for every k € [m],
e Dy, # 0 only when 14,>0 # 1p,>0, and
e ¢(a) —¢(b) = D(a—0b)+ D"(a—b)
Proof. We verify coordinate by coordinate for each k € [m)].
e If a; > 0 and by > 0, then (¢(a) — ¢(b))r = ar — by, = (D(a — b))k
o If ap < 0and by <0, then (¢(a) — ¢(b))y =0—0= (D(a—b)),.

o If ar, > 0 and b < 0, then (¢(a) — ¢(b))k = ar = (ax — by) + 725 (ax — b) = (D(a —b) +
D"(a —b)),, if we define (D")y ), = b € [~1,0].

ap—by
o If ay < 0 and by, > 0, then (¢(a) — ¢(b))r = —b, = 0+ (ar — by) — 72— (ar — bi) = (D(a—b)+

br—ay
D"(a —1)),, if we define (D")g = 3% € [0,1]. ]
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H Convergence Rate of Gradient Descent (Theorem 1)

Theorem 1 (gradient descent, restated). There exists some absolute constant C > 1 such that
the following holds. Let p = nLdlogm, ¢ € (0,1], o = nLdé'log(m/¢), and n = p44m
m > Co%, and WO A, B be at random initialization. Then, with probability at least 1 — e~ UP*)
over the randomness of W, A, B, suppose we start at WO and for each t =0,1,...,T —1,

W) —w® v rw®)y |

Suppose

Then, it satisfies

59 1 59,28 1
)y < Tel|l log=, 221
fWE))y <e  for all € 57108 - 5 log -

In other words, the training loss of the recurrent neural network drops to € in a linear convergence
speed.

Proof of Theorem 1. Using Lemma B.3 and the randomness of B, it is easy to show that ||Bh; s —
y;-k’eH2 < O(p2L?) with at least 1— e~ ") (where hi ¢ is defined with respect to W), and therefore

FWOY <omp’L?) .
In the rest of the proof, we first assume that for every t = 0,1,...,T7 — 1, the following holds
T 0
vmoymo
We shall prove the convergence of gradient descent assuming (H.1), so that previous statements

such as Theorem 4 and Theorem 3 can be applied. At the end of the proof, we shall verify that
(H.1) is satisfied throughout the gradient descent process.

W —wOp < (H.1)

Foreacht=0,1,...,T—1, we let {loss(tg}i ; denote the loss vectors with respect to the current

point W), We denote by (i*,(*) = arg max; ,{ || Ioss ]2} and V; = Vf(W®).
We calculate that

[©)
FWEDY < FWO) — ][ V|3 + O(p 7y Pm/3) - [[Hossi?,. |2 - 0| Vill2 + O(LEnma?) | V43
FVO) = Vel|% + 0 (5°0Pm?) - || loss.” . |13

5
Fw®y - <Q<Zl4m) — O(p32m? )) loss?,.

IN® IN®

2
2

2

IN®

(i) *

FW®y - Q(Zim) :

(™ (®
<1 Q<p15m)> Fv®)
Above, ® uses Theorem 4; @ uses Theorem 3 (which gives ||V||2 < ||Ve||r < O(p8v/m)x|| Iossg),g* I,

and our choices of 79 and m; ® uses Theorem 3; @ uses our choice of n; and ® uses f(W®) <

nL|| loss; *)5* 2. In other words, after T =

IN®

nam) log > iterations we have fW@M) <e.
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We need to verify for each ¢, ||[W® — W(©)||p is small so that (H.1) holds. By Theorem 3,

t—1 t—1
WO —WOlp <3 VW) < Owp®Vim) - YA/ (WD) < O(p®im) - O(T - \/np? L?)
i=0 i=0 .
<nT-0(p*°v/m) < QTE :
where the last step follows by our choice of T. U]

I Convergence Rate of Stochastic Gradient Descent (Theorem 2)

Theorem 2 (stochastic gradient descent, stated). There exists some absolute constant C > 1
such that the following holds. Let p = nLdlogm, ¢ € (0,1], 0 = nLdd~'log(m/e), and n = £
P Suppose m > Co€, and WO A B be at random initialization. Then, with probability
at least 1 — e ") over the randomness of WO A B, suppose we start at WO and for each
t=0,1,..., T —1,

WD) — @ _ |S ‘ Z Viw (for a random subset S; C [n] of fixed cardinality.)
1€S¢
Then, it satisfies with probability at least 1 — e~ ") over the randomness of S1,...,57T:
57 1 57 28 1
FWIY <e forall Te /:52 log p 55 logg

Proof of Theorem 2. The proof is almost identical to that of Theorem 1. We again have with
probability at least 1 — e=2r?)

FWO) < Omp*L?) .
Again, we first assume for every t = 0,1,...,T — 1, the following holds

50
0 a0 (L1)
vmo Jm
We shall prove the convergence of SGD assuming (I.1), so that previous statements such as
Theorem 4 and Theorem 3 can be applied. At the end of the proof, we shall verify that (I.1)
is satisfied throughout the SGD with high probability.

For each t = 0,1,.. .,T — 1, using the same notation as Theorem 1, except that we choose
Vi =151 2ies, VLW ). We have Es,[Vi] = VF(W®) and therefore

W —wOp <

E[f(w(+D))]

St

@
< JWO) = CFW ) [F + O 7 m' ) - [oss 2y llo -0 E[IVillo) + O(L  nmn?) E[[ V4]

FOVOY = || Vy||% + O (P n*m?) - || Iossgt)z* 12
0
(1 - Q(lem)) Fv®)-. 12)

Above, @ uses Theorem 4 and Eg,[V;] = V f (W®); @ uses Theorem 3 (which gives ||V4]|3 <
ﬁ > ies, VLW < O(p'2m) x || loss!”) i |?); ® is identical to the proof of Theorem 1.

IN® IN®
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At the same time, we also have the following absolute value bound:

f(W(t-l—l))
< FOVO) 0l VFWO) o Vel r + O 5" m ) - lossL,. (|2 - 1]l Vill2 + O(L S nama®) [ V13
2 FWD) 1+ 0 (o2 + p"m?) - [[loss?,. |2
2 (14 0(p2nm)) FW) . (L3)

Above, @ uses Theorem 4 and Cauchy-Shwartz (A, B) < ||A||7|B||r, and ® uses Theorem 3 and
the derivation from (I.2).

Next, taking logarithm on both sides of (I.2) and (I.3), and using Jensen’s inequality E[log X| <
log E[X], we have

Eflog f(W*Y >Js10gf<w<“>—ﬂ(;7im) and log (W) <log f(W) + O(p'?ym)

By one-sided Azuma’s inequality (a.k.a. martingale concentration), we have with probability at
least 1 — eiﬂ(pQ), forevery t =1,2,...,T":

log f(W") —Eflog f(W™)] < VE-O(p"*nm) - p .
This implies two things.

15 2
e On one hand, after T' = Q(%) iterations we have

1)
log f(W(T)) <\T- O(p1277m) -p+log f(W(O)) — Q(%m)T
5

0
< log f(W©) — Q(%m)T <log O(np*L?) — Q(log %) <loge .

Therefore, we have f(WT)) < e
e On the other hand, for every t =1,2,...,T, we have

log FOV) < VE-O(pm) -+ log SOV) - (Do)

o)) [nom pt? p*nm
long ( pE 775m O(p"3nm) —I—O( 5 )

g log fW©) +1

where in @ we have used 2(1\[ — bt = —(bVt — a/b)? 4+ a%/b?, and in @ we have used
n < O(p4‘2S ) This implies f(W ) < O(np*L?). We can now verify for each ¢, \\W(t) —w© Fa
is small so that (I.1) holds. By Theorem 3,

t—1 t—1
WO — WO <> nVillr < Omp®vm) - YA/ FIWD) < O(npSy/m) - O(T\/np?L?)
i=0 i=0 »
< 0T - O(p**v/m) < L\/m :
where the last step follows by our choice of T'. ]
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