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ABSTRACT uniqueness conditions for the exact recovery bésed on the

We study the MMV (Multiple Measurement Vectors) com- spark and the mutual coherence® (denoted by.(®¥))
pressive sensing setting with a specific sparse structuged s criteria are expressed by corollary 4 bf [5] and theorem 4 in
port. The locations of the non-zero rows in the sparse md6] respectively. As discussed in/[5],

trix are not known. All that is known is that the locations

of the non-zero rows have probabilities that vary from one spark(®¥) < min{N,rank(®¥) + 1} )

group of rows to another. We propose two novel greedy al- ) o
gorithms for the exact recovery of the sparse matrix in thi@nd sincerank(®W) < M, the corollary 4 of [[5] implies

structured MMV compressive sensing problem. The first alfhatd/ > 2K measurements are needed to guarantee unique
gorithm models the matrix sparse structure using a shalloffcoVvery at the decoder. In theorem 4[cf [6], sipc@ W) >

non- linear neural network. The input of this network is the 7 (&PProximation of lower bound qf(®W) for M < N
residual matrix after the prediction and the output s treesp ~ Presented in[6]), the uniqueness of the recovereiguar-
matrix to be recovered. The second algorithm improves th@nteed when/M > (2K — 1). From the above, it is clear
shallow neural network prediction by using the stacking opthat the conditions to recover a unigsi@re more optimistic
eration to form a deep stacking network. Experimental evaluwhen stated in terms ofpark(®¥) than in terms of mutual
ation demonstrates the superior performance of both new afoherence.

gorithms over existing MMV methods. Among all, the al-  In the Multiple Measurement Vectors (MMV) problem,
gorithm using the deep stacking network for modelling thed set of N, sparse vectorgs;} "> stacked as columns of a

structure in MMV compressive sensing performs the best. matrix S is to be jointly recovered from a set of> mea-
surement vectorgy; } 2, stacked as columns of a matfi.

The other two assumptions in the MMV problem are the joint
sparsity ofS, i.e., the indices of non-zero entries are the same
for every column inS (all sparse vectors have the same sup-
1. INTRODUCTION port), andS is K — row — sparse, i.e. at mostk rows ofS
. have non-zero energy. Exploiting the structure and othier pr
In the general framework of Compressed Sensing (CShformation (beyond that of sparsity) about each vectd in
[.[21,[8], N samples ofx € RV*! can be exactly re- |eads to solvers with higher performance. An overview o thi
constructed froml/ < N linear random measurements. Thistopic is presented in section V 6f[6].
is expressed as: In this paper, we focus on solving the MMV problem
y = &x (1) when the locations of the non-zero entries in the the sparse
wherey € RM>1 is the measured vector arl ¢ RM>*N  matrix S are not known . However, we know thétis a
is a random measurement matrix. An important underlyingointly sparse matrix and has the following structure: 19rea
assumption for the decoder to uniquely recoxegiveny  vector is sparse but the probability of having non-zero ele-
and @, is thatx is sparse in a given basi#. This basis ments in each vector differs from one region of the vector to
can be complete, i.e¥ € RV*N or over-complete, i.e., another, 2) the probability distribution of the support atk
¥ ¢ RV*N1 whereN < N; (compressed sensing for over- vector is unknown and 3) the probability distribution of the
complete dictionaries was introduced [ [4]). More accu-locations of non-zero regions in the different vectors are i
rately, assuming a complete badisc RV*V | then dependent of each other. We propose two greedy solvers for
X — Ws 2 the MMV problem with the above structure. These solvers
are shown to outperform current MMV solvers. The essence
wheres is K — sparse, i.e., s has at mostX’ non-zero el- of the proposed algorithms is the incorporation of a set of
ements. Combinind{1) andl(2) resultsyn= ®W¥s. The weights that enhances the impact of the column® & that
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have a higher probability of contributing to the actual sup-and therefore the residual matii; will be:

port of S. To calculate these weights, we propose two ap- .
proaches, a non-linear approach and a stacking non-linear Rj =Y — Y; = AP\ 8% 1 A%(S% — S ) (6)
approach. The stacking non-linear approach can deal with NG, |
the huge amount of data more efficiently. It uses the ReyvhergS s the set %f ”0“'5_9“9 rows (S thaF have not
stricted Boltzmann Machine (RBMIJ[7IJ[8[I9] to initiale ~ Peen identified yetanB™ —S;”) is the estimation error at
the weights and then a Deep Stacking Network (DSN) [10]thej-th |te_rat|on. Hence, a neural n_et_work constructed W|tha_1
to fine tune the weights. We experimentally show that theet of weights calculated in the training stage can be used in

performance of the second method is close to the bound pri€ selection step of SOMP. These weights enforce the struc-
dicted by corollary 4 inl[5], i.e.M ~ 2K. tu_re of suppo_rt of the sparse mat8xn SOMP. Th_e input of
this network is the vectosec(R) and the output isec(S,)
(estimation ofS at j-th iteration). We formulate this network
2. PROPOSED METHODOLOGIES as follows:

In the first part of this section, we propose an efficient astl fa vee(S) = Wa fr(Wrvee(R) +bi) + b2 @)

greedy solver. This solver which we call Non-linear Weighte \yneref, () is the activation function of the hidden layer neu-
Simultaneous Orthogonal Matching Pursuit (NWSOMP) reqn¢ W, € RrumhidxMN: is the weight matrix between the

lies on a non-linear model of the structure in the support. "?nput layer and the hidden layengmhid is the number of
the second part, we argue that NWSOMP can not be scalgfhrons in the hidden layerfV, € RNNzxnumhid jg the

across machines for a large scale problem. To solve this prolyejght matrix between the hidden layer and the output layer,
lem, we develop a stacking non-linear version of NWSOMPb1 € Rrumhidx1 s vector of bias values for the hidden layer
that relies on a deep neural network and that is suitable fQfo,rons and, € RVN2x1 is vector of bias values for the
large scale data and is easy to parallelize across differant output layer neurons.

chines. To find weight matrice3V; andW, the following min-
imization problem is solved:

2.1. Non-linear Weighted Simultaneous Orthogonal Match- (vec(W), vec(Wa)) =
ing Pursuit (NWSOMP) ’
. 1 t N 2 (8)
In the MMV problem, we want to recover a jointly sparse ma- argmin 3T Z [vec(S); — vec(S)ill2
trix S from the matrix of measurements = AS whereA = (vee(W1)wee(W2)) 2% i=1

®W¥ andA = [a; a; ... ay] anda; isi-th column ofA. In  \whereT is number of training sampleS! is the ideal output

the Simultaneous Orthogonal Matching Pursuit (SOMP) als,, 4 certain inpuR,, S, is the approximate output for input

gorithm [11] to recoves exactly, the atom selection criterion g anq the operatosec(.) returns the vectorized form of a

in each iteration is based on tperorni] of the correlationbe-  atrix. n this paper, a weighted module refers to a trained
tween the residual matriR and each atorme() of dictionary ¢ |ayer feedforward neural network whose inputs are the
A, i.e.[laR],. For the Single Measurement Vector (SMV) pormalized residual vector(s) and outputs are the approxi-
problem, a method that embeds prior information using neus,5teq sparse signal(s). Now, instead of selecting the col-

ral networks has been proposed|inl[12]. We first extend thi§n ofA that corresponds to the maximum element of vector
approach to the MMV problem and then propose our method, _ TR IR, .. 2L R|,T (as donein SOMP), the

Suppose tha® is the set of locations of the non-zero rows of

. column ofA corresponding to the row & with the maximum
S (|| = K fora K — row — sparse matrix S), then " ponding W erw xim

£, norm is selected. It is important to note that to estimate
W, andW, S! should be known in advance for eaBh. In

the other wordsS! for i = 1,2,..., T are the targets of the
neural networks that are generated based on the prior infor-
mation abous. The inputs R;) are generated by imitating

Y = A8 (4)

whereA* is the matrix that includes only those columns of
A whose indices are ift andS® is vector that includes only the areedv algorithm
those rows o8 whose indices are ift. 2 is not known in ad- g yag )

: . With linear activation functions for the hidden layer and
vance and the greedy algorithm completes it column by COI(')ut ut layer neurons[}7) becomes a simple linear relation-
umn. Suppose that at iteratignthe set of the locations of the P Y P

non-zero rows i€2;. Sinceq — ©; U (2 \ ©,), then s.hlp.. A more.eff|c:|_ent cho_lce fcl)fh(.) is a non-Ilpear func-
: : tion like the sigmoid functlonm. However with a non-

linear f3,(.), solving [8) becomes a non trivial task. Existing
algorithms in the neural networks literature for findiNg,
and W, such as the backpropagation and conjugate gradi-

n 1
1 n H 0 . q . . ..
g-norm of vectorv € "> s defined asy_ (juil )7 ent backpropagation are very slow and inefficient wifigh)

Y = AUSY 4+ A\ g\ (5)




is non-linear. Since we use one hidden layer only, there ar

more efficient ways, like the one in [13], to calculate the g .
weights. In [13], the fact thaW, is dependent oW, is 2 FW‘ W

. . . . g ! | Wi = WD Wa® W, 9|
taken into account when calculating the gradient. Thisdead L L \ [ I Wa® = Ra Ry Wl
to the following expression of the gradient of the energycfun L ] ‘: | [1nparss |

tion £ = ||S* — S||2:

oE
0W1

W (2) -

T w® } {w.“‘— Wi® Wip®
’ Gz ] e

W,

whereH" = H” (HH”) !, o is the Hadamard product oper-
ator andH is the output of the hidden layer: W,

) - e |
(10) Fig. 1. Architecture of a deep stacking network with 3 mod-

i . ules,i.e.,D =3
wherex;,, = vec(R). Then we should search in the opposite

Module 2 (M2)

=2R[HTo(1-H)To[HT(H[S!|T)(S'HT)—[S!]T (S'HT)
9)

Module 1 (M1)

H =
1+ exp(—WiXin)

direction of the gradient, i.e., it is not easy to calculat®; and W, based on the method
- OF presented in the previous section. It is, in fact, compoiati
Wit =Wy — P oWE (11)  ally difficult because the computation 8, andWy is not
1

easy to parallelize across different machines. In thiseect
wherep is the learning rate. After updating/; using [11), we present a stacking non-linear version of NWSOMP that is
W, is calculated using following closed form formulation:  suitable for large scale data and is easy to parallelizesacro

different machines.
— Ty—1 T
W2 = (ul+ HH")" " H[S'] (12) To explain the stacking non-linear variant of NWSOMP,

wherel is the identity matrix angk is the regularization pa- We should first describe the Deep Stacking Networks (DSN)
rameter. The proposed greedy solver based on the weighf§roduced in[[10]. A DSN is a layered and modular struc-

calculated usind{9)[{10), (11) arid{12) is presented irpAlg ture that mainly resolves the problem of difficult fine tuning
rithm[d. in a Deep Neural Network (DNN) for large scale data. This

difficulty arises from the fact that fine tuning a DNN requires
Algorithm 1 Non-linear Weighted Simultaneous Orthogonalperforming stochastic gradient descent algorithm thaiffis d
Matching Pursuit (NWSOMP) cult to parallelize across machines. More details about BNN
1: Inputs:The CS measurement matdxe RM <N The matrix of mea-  can be found in[[14].[15] and [16]. The structure of a sample
surmentsy € R > N2, The minimuméz norm of the residual matrix - DSN with three modules is illustrated in Fig. 1. In this figure
(FtesMin) as the stopping criterion the input data is divided into 3 parts, denotedla®art1,

2: Output: The matrix of tose RN X N2 - .
3 miL:iZ:ijzatiO,?;nlsaznxo?gisrfros;eivjcl?ﬂi — R, =Y InPart2 andInPart3 in Fig.[. Each module of a DSN is a
4: procedure NWSOMP@A,Y) specialized one layer network and the output of each module
5. while [|Ri|2 < ResMin do forms part of the input of its upper module. Therefore, the
6 ikl . .. dimension of the input of each module in a DSN is different
7 R; + Taz(vec(RiT)) > residual normalization . . .

. , mazlvecRi—1 _ from that of other modules. More precisely, the dimension of
& vee(S) = Wafp(Wivee(Rs) + b1) +bav weightmodule e inp it of thej-th module in a DSN withD modules is:
gi CdH [IISSanHSerq : -(~ I)I)STNHq}
10: idx < Support(max(C . .
1L Q « Qi Uide nj=n+m(-1), j=12,....D  (13)

AQ.

12: S« (ASt)tY . . o

_ Aézic(_( ) Therefore for each module, the dimension of its input and
13: S0 0 0 o of W, is different from other modules. In the other words,
ig; R; <Y —A™S, in DSN-WSOMP, the bottom module is the same as in sec-

: end while . . . .
16: S §, tion[2.. But at higher modules, the relationsHip] (10) still
17: end procedure holds, butx;, is different. The basic algorithm to finW,

given Wy, is the same a$ (1.2). However, findivg; and

its initializ(%tion differs from one module to another. Ta-in

. . . . tialize W’ in the bottom module (Module 1 in Figl 1), a
2.2. Stacking non-linear NWSOMP using Deep Stacking restrictedlBoItzmann machine is constructed separataétgus
Network (DSN-WSOMP) contrastive divergencé [L4]. A complete explanation about
There is a main deficiency in the NWSOMP proposed in théhe design of RBM used in this work is not given due to lack
previous section. When we deal with a large scale problenmgf space. After initializingW(l), we find W(ll) andW(zl)



using the method described in the previous section penigini
to one layer networks. Now we freeze the value of weights fo
module 1, i.e., these are the final value of weights for moduls

1. For the second module, the partWT(f) that corresponds
to the output of module 1, i.ewf; in Fig.[, is initialized
with random numbersK,, in Fig.[dl). The part 01W§2) that
corresponds to input data, i.éN(lzb) in Fig.[ is initialized
with the final value ofW(ll) that was calculated for module
1. After initializing W(f), we use the same method that we
used for first module to findW ® and W for the second

module. Then we freeze these values for the second moqu.g
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and we continue to higher modules. The stacking non-linedio" for different sparsity levels.

version of NWSOMP, which we denote as, DSN-NWSOMP,
is a solver that uses the architecture in Eig. 1 and the proc
dure described above to fild/; andW s, (assuming that the
bias vectord; andb, are absorbed iW; andW5). Details

of DSN-NWSOMP are not presented due to lack of space.

3. RESULTS

e-

the WSOMP solver uses linear modelling and finfs and
W, using the least squares method ("Iscov” in MATLAB).
To calculate the weights in NWSOMP and DSN-WSOMP, we
used512 neurons for the hidden lay€r5000 training matri-
cef], p1 = p2 = ps = 0.0005, the maximum number of
iterations for each module wa80 and the regularization co-
efficient for each module was = 100. To make sure that we
do not have over-fitting, we used cross validation.

This section presents the numerical results of the proposed

and existing solvers for the MMV problem addressed in this

paper. Note that in the results presented in this secti@agtex
recovery means:

IS -S|
S]]

< Ny x 1075 (14)

wheresS is the actual sparse matri§, is the calculated solu-
tion andNs is the number of channels. In our experiments, w
assume that we have three channels,Ne.= 3. The number
of realizations for each experimentig00. We use a vector of
size N = 100 for each channel and a random Gaussian me
surement matrix with normalized columns of si#e x 100,
i.e., M = 45 measurements per channel.
used to perform the experiments has an Intel(R) Core(TM) i
CPU with clock 2.93 GHz and with 16 GB RAM.

To generate a sparse matrix where the probability of hav- e - .
g b b Y (JVIMV problem when limited information about the structure

ing non-zero entries in its bands of rows differ from one ban
of rows to another, suppose that for each column the prob
bility distribution of support is made of two Gaussian distr
butions with meang; = 20 andu, = 70 and standard devi-
ationso; = 3 andoy, = 6. Therefore, non-zero elements are
concentrated in two regions, one around %€ entry and
another one around tH®'" entry of each vector i$. Also,
we assume all entries & are positive, because we want to
show that the proposed solvers can exploit two structures
the same time, i.e., positivity and the structure in the supp
Fig[2 shows the superior performance of the proposed solve
relative to SOMP and the mixed norm minimization methods

€

a_

a

4. DISCUSSION AND CONCLUSIONS

As observed in Figl]2, the proposed NWSOMP and DSN-
WSOMP methods start to fail wheR is increased beyond

K 22 (which is better than the WSOMP and SOMP
solvers). Note that sincé/ = 45, NWSOMP and DSN-
WSOMP are very close to achieving the bound predicted by
[B], i.e., M = 2K. The better performance of NWSOMP and
DSN-WSOMP is predictable becaugg(.) is a non-linear
function. It is worth mentioning that, besides being effitie
for large scale data, DSN-WSOMP has better performance
than NWSOMP. It is important to note that using the method

explained in sectioi 2.1 makes the weight calculation very

. ast and practical. In fact, it is not practically possibdertin
The machine W%:onjugate gradient backpropagation ("traincgf” in MATLAB

on the machine used for the experiments of this paper.
In this work, we proposed two greedy solvers to solve the

of support ofS is known. We showed that these methods out-
perform existing MMV solvers. We also discussed how the
second proposed solver is suitable for large scale datawhil
the first one is not. Potential applications of this work can b
found in distributed compressed sensing of images and sideo
or in Electroencephalography (EEG) signals where the spar-
sity level up to which the practical solver gives exact reagv

sa limitation. For example, having the prior informatidwat

in the transform domain, more non-zeros will occur in the low

Frequencies than in high frequencies can be helpful in impro

Ing the performance of the existing solvers using the pregos

This was predictable because at each iteration the proposgalverS in this paper.

solvers make a Wiser atom selection than SOMP .Whe_n finding 2A complete description of how these training matrices sthdel gener-
the sparse solution (see section 2.1). Note that in thisdigur ated is not presented due to lack of space
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