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Abstract  Frequent episode discovery framework is a popular framework in temporal data
mining with many applications. Over the years, many different notions of frequencies of
episodes have been proposed along with different algorithms for episode discovery. In this
paper, we present a unified view of all the apriori-based discovery methods for serial episodes
under these different notions of frequencies. Specifically, we present a unified view of the
various frequency counting algorithms. We propose a generic counting algorithm such that
all current algorithms are special cases of it. This unified view allows one to gain insights into
different frequencies, and we present quantitative relationships among different frequencies.
Our unified view also helps in obtaining correctness proofs for various counting algorithms
as we show here. It also aids in understanding and obtaining the anti-monotonicity properties
satisfied by the various frequencies, the properties exploited by the candidate generation step
of any apriori-based method. We also point out how our unified view of counting helps to
consider generalization of the algorithm to count episodes with general partial orders.

Keywords Frequent episode mining - Serial episodes - Apriori-based - Frequency notions

1 Introduction

Temporal data mining is concerned with finding useful patterns in sequential (and often
symbolic) data streams [19]. Frequent episode discovery, first introduced in [17], is a
popular framework for mining useful/interesting temporal patterns from sequential data.
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224 A. Achar et al.

The framework has been successfully used in many application domains, e.g., analysis of
alarm sequences in telecommunication networks [17], root cause diagnostics from faults log
data in manufacturing [29], user-behavior prediction from web interaction logs [13], infer-
ring functional connectivity from multineuronal spike train data [23-25], relating financial
events and stock trends [20], protein sequence classification [2], intrusion detection [14,30],
text mining [8], seismic data analysis [18] etc.

In the frequent episodes framework, the data is viewed as a single long sequence of events.
Each event is characterized by a symbolic event-type (from a finite alphabet of symbols) and
a time of occurrence. The patterns of interest are termed episodes. Informally, an episode is
a short-ordered sequence of event-types. A frequent episode is one that occurs often enough
in the given data sequence. Discovering frequent episodes is a good way to unearth temporal
correlations in the data. Given a user-defined frequency threshold, the task is to efficiently
obtain all frequent episodes in the data sequence.

An important design choice in frequent episode discovery is the definition of frequency of
episodes. Intuitively, any frequency should capture the notion of the episode occurring many
times in the data and, at the same time, should have an efficient algorithm for computing the
same. There are many ways to define frequency, and this has given rise to different algorithms
for frequent episode discovery [3,7-9,16-18]. In the original framework by Mannila et al.
[17], frequency was defined as the number of fixed-width sliding windows over the data that
contain at least one occurrence of the episode. Another notion for frequency is based on the
number of minimal occurrences [16,17]. Two frequency definitions called head frequency
and total frequency are proposed in [8] in order to overcome some limitations of the window-
based frequency of [17]. In [9], two more frequency definitions for episodes were proposed,
based on certain specialized sets of occurrences of episodes in the data.

Many of the algorithms, such as the WINEPI of [17] and the occurrence-based frequency
counting algorithms of [10,12], use apriori-based discovery methods which use finite state
automata as the basic building blocks for recognizing occurrences of episodes in the data
sequence. An automata-based counting scheme for minimal occurrences has also been pro-
posed in [4].

The multiplicity of frequency definitions and the associated algorithms for frequent epi-
sode discovery makes it difficult to compare the different methods. In this paper, we present
a unified view of the apriori-based algorithms for frequent episode discovery under all the
various frequency definitions. We present a generic automata-based counting algorithm for
obtaining frequencies of a set of episodes and show that all the currently available counting
algorithms can be obtained as special cases of this method. This viewpoint helps in obtaining
useful insights regarding the kinds of occurrences tracked by the different algorithms. The
framework also aids in deriving proofs of correctness for the various counting algorithms,
many of which are not currently available in literature. Apart from counting, another crucial
step in any apriori-based discovery method is that of candidate generation. Our framework
also helps in understanding the anti-monotonicity condition satisfied by different frequen-
cies, which is utilized in the respective candidate generation steps. Our general view can also
help in generalizing current counting algorithms, which can discover only serial or parallel
episodes, to the case of episodes with general partial orders, and we briefly comment on this in
our conclusions. In addition to the unified view of all frequent episode discovery algorithms,
the novel contributions of this paper are proofs of correctness for different algorithms and
some quantitative relationships among different frequency measures.

The paper is organized as follows. Section 2 gives an overview of the episode framework
and explains all the currently used frequency definitions in the literature. Section 3 presents
our generic counting algorithm and shows that all current counting techniques for these
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various frequencies can be derived as special cases. Section 4 gives proofs of correctness
for the various counting algorithms utilizing this unified framework. Section 5 describes the
quantitative relationships between the various frequencies. Section 6 discusses the candidate
generation step for all these frequencies. In Sect. 7, we provide some discussion and con-
cluding remarks. Section A is an appendix where some subepisode properties of the minimal
window and non-interleaved based frequencies are proved.

2 Frequent episode discovery

In this section, we briefly review the framework of frequent episode discovery [17]. The
data, referred to as an event sequence, is denoted by D = ((E1, t1), (E2,12), ..., (Ep, 1)),
where each pair (E;, t;) represents an event, and the number of events in the event sequence
is n. Each E; is a symbol (or event-type) from a finite alphabet, £, and #; is a positive integer
representing the time of occurrence of the ith event. The sequence is ordered so that, #; < t;4]

foralli =1, 2, .... The following is an example event sequence with 10 events:
(A, 1), (A,2),(A,3),(B,3),(A,0),(A,7),(C,8),(B,9), (D, 11), (C, 12),
(A, 13), (B, 14), (C, 15). ey

We note that there can be events with different event-types occurring at the same time instant.
There are formalisms that handle the case of events having finite but non-zero time duration
[11,22]. We do not consider this in this paper.

Definition 1 An N-node episode, «, is defined as a triple, (Vy, <q4, gv), Where V, =
{vi, va,...vN}is acollection of N nodes, < is a partial order on V, and g, : V, — Eisa
map that associates each node in o with an event-type from €.

Thus, an episode is a (typically small) collection of event-types along with an associated
partial order. When the order <, is total, « is called a serial episode, and when the order
is empty, « is called a parallel episode. In this paper, we restrict our attention to serial epi-
sodes.! Without loss of generality, we can now assume that the total order on the nodes of
a is given by v <4 V2 <4 ... < vn. For example, consider a 3-node episode V, =
{v1, v2, 13}, gu (V1) = A, go(12) = B, go(v3) = C, with v <4 V2 <4 v3. We denote such
an episode by (A — B — C).

Definition 2 An occurrence of episode « in an event sequence D is amap h : V, —
{1,...,n} such that g4 (v) = Ej) forall v € Vg, and for all v, w € V, with v <4 w we
have 1) < th(w)-

In the example event sequence (1), the events (A, 2), (B, 3), and (C, 8) constitute an occur-
rence of (A — B — C) while (B, 3), (A, 7), and (C, 8) do not. Note that the events (in
the data stream) constituting an occurrence of an episode need not be contiguous in the data
stream. We use «[i] to refer to the ith in . As per the above notation, «[i] is g, (v;). This
way, an N-node (serial) episode « can be represented as (¢[1] — «[2] — --- — «[N]).
In the above description, the data is viewed at an abstract level. What constitutes an event-
type depends on the application. For example, consider the application of analyzing data in
the form of fault-report-logs from an assembly line [12,29]. Here, each event is a fault report.
The event-type would contain information relating to the station and subsystem where the

! From now on, we will simply use “episode’ to refer to a serial episode.
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fault has occurred along with some fault codes to specify the type of fault. The episodes
could capture some causative influences among different faults and hence aid in root-cause
diagnostics. For example, if A — B — C is a frequent episode then, when one sees fault
C the actual cause may be A. As another example, consider analyzing data in the form of
user-action-logs in a web browsing session [13]. Here, the data would be a sequence of user
actions (clicking of different buttons in the web pages) in a browsing session. Event-types
here capture some relevant description of the links that user can click. Frequent episodes
here can capture some useful behavioral patterns of the user. Like in frequent itemset mining,
one can use frequent episodes to generate rules. For example, if A — B — C is a frequent
episode, then we can generate a rule to say that if B follows A then soon C may follow. In
this application, such rules can be used to predict user behavior which in turn can be used,
e.g., for prefetching of pages by the browser, etc. In this paper, our interest is in a unified
view of different frequent episode mining algorithms. Hence, we would be using the above
abstract view of the data.

We next define the notion of a subepisode of an episode. This is very useful in designing
algorithms for frequent episode discovery.

Definition 3 An episode B = (Vg, <g, gg) is said to be a subepisode of o = (Vy, <q, ga)
(denoted B < «)if thereexistsa 1 —1 map fgo : Vg — Vy suchthat (i) gg(v) = go(fpa(v))
for all v € Vg, and (ii) for all v, w € Vg with v <g w, we have fgy (V) <¢ fgo(w) in V.

In other words, an episode S is said to be a subepisode of « if all the event-types in 8 also
appear in «, and if their order in g is same as that in «. For example, (A — C) is a 2-node
subepisode of the episode (A — B — C), while (B — A) is not. If B is a subepisode of «
then it is easy to see that every occurrence of o contains an occurrence of g [17].

Like in frequent itemset mining, the goal in episode mining is to discover all frequent
episodes. A frequent episode is one whose frequency exceeds a user-defined threshold. The
frequency of an episode is some measure of how often it occurs in the event sequence. As
mentioned earlier, there are many different frequency measures proposed in literature. We
discuss all these in the next subsection.

Given an occurrence & of an N-node (serial) episode o, (f;(vy) — th(vy)) 1s called the span
of the occurrence. We call any such constraint on span as an expiry-time constraint. The
constraint we consider is specified by a threshold, Ty, such that occurrences of episodes
whose span is greater than Ty are not considered while counting the frequency. In many
applications, one may want to consider only such occurrences whose span is below some
user-chosen limit. (This is because, occurrences constituted by events that are widely sepa-
rated in time may not represent any underlying causative influences). Thresholds based on
such constraints can also improve efficiency of the discovery process by reducing the search
space.

One popular approach to frequent episode discovery is to use an Apriori-style level-wise
procedure. At level k of the procedure, a “candidate generation” step combines frequent epi-
sodes of size? (k— 1) to build candidates (or potential frequent episodes) of size k using some
kind of anti-monotonicity property (e.g., frequency of an episode cannot exceed frequency
of any of its subepisodes). The second step at level « is called ‘frequency counting’ in which,
the algorithm counts or computes the frequencies of all the candidates (through one pass over
the data) and determines which of them are frequent.

2 The size of an episode « is the number of nodes in V.
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2.1 Various frequency definitions

There are many ways to define the frequency of an episode [8,9,15,17]. Intuitively, any
definition must capture some notion of how often the episode occurs in the data. It must
also admit an efficient algorithm to obtain the frequencies for a set of episodes. Further, to
be able to apply a level-wise procedure, we need the frequency definition to satisfy some
anti-monotonicity criterion. Additionally, we would also like the frequency definition to be
conducive to statistical significance analysis [5,27,28].

In this section, we discuss various frequency definitions proposed in literature. (Recall
that the data is an event sequence, D = ((E1, t1), ... (En, ty))).

Definition 4 [17] A window on an event sequence, D, is a time interval [¢;, f.], where #; and
t, are integers such that #; < 1, and 7, > t1. The window width of [t,, t.] is given by (f, — t;).
Given a user-defined window width Ty, the window-based frequency of « is the number of
windows of width Tx which contain at least one occurrence of .

For example, in the event sequence (1), there are 5 windows with window width 5 which
contain an occurrence of (A — B — C). These are: [7, 12], [10, 15], [11, 16], [12, 17] and
[13, 18].

Definition 5 [17] The time-window of an occurrence, &, of « is given by [#4u)), thwy)]-
A minimal window of « is a time-window which contains an occurrence of «, such that
no proper subwindow of it contains an occurrence of «. An occurrence in a minimal win-
dow is called a minimal occurrence. The minimal occurrence-based frequency of « in D
(denoted fi;) is defined as the number of minimal windows of « in D.

In the example sequence (1) there are 3 minimal windows of (A — B — C): [2, 8], [7, 12]
and [13, 15].

Definition 6 [8] Given a window width k, the head frequency of « is the number of win-
dows of width k£ which contain an occurrence of « starting at the left end of the window and
is denoted as fj(«, k).

Definition 7 [8] Given a window width k, the total frequency of «, denoted as fio(«, k),
is defined as follows.

Jot (e, k) = Iﬂnj‘; Jn(B. k) (@)

For a window width of 6, the head frequency fy(y,6) of y = (A — B — C) in (1) is 4.
The total frequency of y, fio: (v, k), in (1) is 3 because the head frequency of (B — C) in
(1)is 3.

Definition 8 [10] Two occurrences &1 and &y of « are said to be non-overlapped if either
thy (o) < tha(uy) O thy(uy) < Thy(vy)- A setof occurrences is said to be non-overlapped if every
pair of occurrences in the set is non-overlapped. A set H, of non-overlapped occurrences of
« in D is maximal if |H| > |H'|, where H' is any other set of non-overlapped occurrences
of @ in . The non-overlapped frequency of « in D (denoted as fy,) is defined as the
cardinality of a maximal non-overlapped set of occurrences of « in D.

Two occurrences are non-overlapped if no event of one occurrence appears in between
events of the other. The notion of a maximal non-overlapped set is needed since there can be
many sets of non-overlapped occurrences of an episode with different cardinality [9]. The
non-overlapped frequency of y in (1) is 2. A maximal set of non-overlapped occurrences is
((A,2),(B,3),(C,8))and ((A, 13), (B, 14), (C, 15)).
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Definition 9 [9] Two occurrences s and /&, of « are said to be non-interleaved if either
) = hijs) j=12,... N—1lor () Z thyvj41)s j=12... N—1.
A set of occurrences H of « in D is non-interleaved if every pair of occurrences in the set is
non-interleaved. A set H of non-interleaved occurrences of « in D is maximal if |H | > |H'|,
where H' is any other set of non-interleaved occurrences of « in . The non-interleaved fre-
quency of o in D (denoted as f;;) is defined as the cardinality of a maximal non-interleaved

set of occurrences of « in ID.

For example, the occurrences ((A, 2), (B, 3), (C, 8)) and ((A, 3), (B, 9)(C, 12)) are non-
interleaved (though overlapped) occurrences of (A — B — C) in D. Together with
((A, 13), (B, 14), (C, 15)), these two occurrences form a set of maximal non-interleaved
occurrences of (A — B — C) in (1) and thus f,; = 3.

Definition 10 [15] Two occurrences /| and s, of an N-node episode « are said to be dis-
tinct if hy(v;) # ha(vj)Vi,j = 1,2... N, ie., the range of their corresponding maps do
not intersect. (Informally, two occurrences of an episode are distinct if they do not share any
event in the data stream). A set of occurrences is distinct if every pair of occurrences in it is
distinct. A set H of distinct occurrences of « in D is maximal if |H| > |H’|, where H' is
any other set of distinct occurrences of « in D. The distinct occurrence-based frequency of
« in D (denoted as fy) is the cardinality of a maximal set of distinct occurrences of « in D.

The three occurrences that constituted the maximal non-interleaved occurrences of (A —
B — () in (1) also form a maximal set of distinct occurrences in (1).

The first frequency proposed in the literature was the window-based count [17] and was
originally applied for analyzing alarms in a telecommunication network. It uses an auto-
mata-based algorithm called WINEPI for counting. Candidate generation exploits the anti-
monotonicity property that all subepisodes are at least as frequent as the parent episode.
A statistical significance test for frequent episodes based on the window-based count was
proposed in [6]. There is also an algorithm for discovering frequent episodes with a maxi-
mum-gap constraint under the window-based count [3].

The minimal window-based frequency and a level-wise procedure called MINEPI to dis-
cover episodes based on minimal windows were also proposed in [17]. This algorithm has
high space complexity since the exact locations of all the minimal windows of the various
episodes of a given size are kept in memory. Nevertheless, it is useful in rule generation.
An efficient automata-based scheme for counting the number of minimal windows (along
with a proof of correctness) was proposed in [4]. The problem of statistical significance of
minimal windows was recently addressed in [28]. An algorithm for discovering episodes
and extracting rules based on minimal occurrences under a maximal gap constraint has been
proposed in [18]. Unlike the apriori-based methods which employ a breadth-first search of
the lattice of episodes, it employs a depth-first search strategy of this lattice.

In the window-based frequency, the window width is essentially an expiry-time constraint
(an upper bound on the span of the episodes). However, if the span of an occurrence is
much smaller than the window width, then its frequency is artificially inflated because the
same occurrence will be found in several successive sliding windows. The head frequency
measure, proposed in [8], is a variant of the window-based count intended to overcome this
problem. Based on the notion of head frequency, Huang and Chang [7] presents two algo-
rithms MINEPI+ and EMMA. Both these algorithms employ a depth-first-based traversal of
the episode lattice similar to the algorithm in [18]. Huang and Chang [7] also points out how
head frequency can be a better choice for rule generation compared with the window-based
or the minimal window-based counts. Under the head frequency count, however, there can be
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e{A} E\{B} E{C}

@ - @ - -
start —

Fig. 1 Automaton for tracking occurrences of « = (A — B — C)

episodes whose frequency is substantially higher than some of their subepisodes (see [8] for
details). To circumvent this, Iwanuma et al. [8] propose the idea of total frequency. Currently,
there is no statistical significance analysis based on head frequency or total frequency.

An efficient automata-based counting algorithm under the non-overlapped frequency mea-
sure (along with a proof of correctness) can be found in [12]. A statistical significance test
for the same is proposed in [10]. However, the algorithm in [12] does not handle any expiry-
time constraints. An efficient automata-based algorithm for counting non-overlapped occur-
rences under expiry-time constraint was proposed in [9, 10] though this has higher time and
space complexity than the algorithm in [12]. No proofs of correctness are available for non-
overlapped occurrences under an expiry-time constraint. Algorithms for frequent episode
discovery under the non-interleaved frequency can be found in [9]. No proofs of correctness
are available for these algorithms.

Another frequency measure we discuss in this paper is based on the idea of distinct
occurrences proposed in [15]. To the best of our knowledge, no algorithms are available for
counting frequency under this measure. The unified view of automata-based counting that
we will present in this paper can be readily used to design algorithms for counting distinct
occurrences of episodes.

3 Unified view of all the automata-based algorithms

In this section, we present a generic algorithm for obtaining frequencies of episodes under the
different frequency definitions listed in Sect. 2.1. The basic ingredient in all the algorithms
is a simple finite state automaton (FSA) that is used to recognize (or track) an episode’s
occurrences in the event sequence.

The FSA for recognizing occurrences of (A — B — C) isillustrated in Fig. 1. In general,
an FSA for an N-node serial episode « = («[1] — «[2] — --- — «[N]) has (N + 1) states.
The first N states are represented by a pair (i, «[i +1]),i =0, ... N — 1. The (N + 1)th state
is (N, ¢) where ¢ is a null symbol. Intuitively, if the FSA is in state (j, «[j + 1]), it means
that the FSA has already seen the first j event-types of this episode and is now waiting for
a[j + 1]; if we now encounter an event of type «[j + 1] in the data, it can accept it (that is, it
can transit to its next state). The start (first) state of the FSA is (0, «[1]). The (N + 1)th state
is the accepting state because when an automaton reaches this state, a full occurrence of the
episode is tracked. As we shall see later, all counting algorithms are obtained by different
ways of managing a set of such automata.

We denote by H the set of all occurrences of an episode « in a data stream ID. On this
set, there is a “natural” lexicographic order (to be denoted as <, ) which is formally defined
below.

Definition 11 The lexicographic ordering on H, the set of all occurrences of « is defined
as : for any two different occurrences h and hy, of o, h1 <, hy if the least i for which
hy(v;) 7 thy(v;) 18 such that #4, ;) < fh,y(v;)- This is a total order on the set H.
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We next introduce a class of occurrences called earliest transiting (ET) occurrence. Many
of the current algorithms for episode counting restrict their search to this smaller class of
occurrences (instead of tracking all occurrences). This notion of ET occurrences, proposed
in this paper, is very useful in the analysis of different frequency counting algorithms. We
formally define an earliest transiting (ET) occurrence as follows.

Definition 12 An occurrence & of a serial episode « is called earliest transiting if ;) is
the first occurrence time of event-type «[i] after #;,,_)Vi =2,3... N.

We denote by ¢ the set of all earliest transiting occurrences of a given episode. We denote
the ith occurrence (as per the lexicographic ordering of occurrences) in H* as h.

To illustrate ET occurrences and discuss all algorithms in this section, we consider the
episode « = (A - B — C — D) and its occurrences in the data stream D; given by

Dy = (A, D(B,3)(A,4)(A,5)(C.T)(B,9)(C,11)(A, 14)(D, 15)(C, 16)(B, 17)
(D, 18)(A, 19)(C, 20)(B, 21)(A, 22)(D, 23)(B, 24)(C, 25)(D, 29)(C, 30)(D, 31)

Also, while discussing various algorithms in this section, we represent any occurrence h
by [th(v;) th(va) - - - th(vy)]l, Which is the vector of times of the events that constitute the
occurrence. In the above stream, consider the occurrence of « constituted by the events
(A,4),(B,9), (C, 11) and (D, 15). This occurrence would be represented by the vector of
times [4 9 11 15]. There are 6 earliest transiting occurrences of « in Dj. As per the time
vector notation, they are A{ = [1 3 7 15],h5 = [4 9 11 15],h§ =[5 9 11 15],hf =
(14 17 20 23], h$ = [19 21 25 29] and hg = [22 24 25 29].

The simplest of all automata-based frequency counting algorithms is the one for counting
non-overlapped occurrences [12], which uses only 1-automata per episode. (We call it algo-
rithm NO here). At the start, one automaton for each of the candidate episodes is initialized
in its start state. Each of the automata makes a state transition as soon as a relevant event-type
appears in the data stream. Whenever an automaton reaches its final state, frequency of the
corresponding episode is incremented, the automaton is removed from the system, and a
fresh automaton for the episode is initialized in the start state. As is easy to see, this method
will count non-overlapped occurrences of episodes. Under the NO algorithm, we denote the
occurrence tracked by the ith automaton initialized for o as h[°.

In our example, algorithm NO tracks the following two occurrences of the episode o:
(i) A{° = [1 3 7 15] and (ii) A5 = [19 21 25 29], and the corresponding non-overlapped
frequency is 2. It is easy to see that all occurrences tracked by algorithm NO are earliest
transiting. The ET occurrences tracked by the NO algorithm are 4° = h{ and h}° = hg.

While the algorithm NO is very simple and efficient, it cannot handle any expiry-time con-
straint. Recall that the expiry-time constraint specifies an upper bound, Tx, on the span of
any occurrence that is counted. Suppose we want to count with Ty = 9. Both the occurrences
tracked by NO have spans greater than 9, and hence, the resulting frequency count would
be zero. However, h is an occurrence which satisfies the expiry-time constraint. Algorithm
NO cannot track /1§ because it uses only one automaton per episode, and the automaton has
to make a state transition as soon as the relevant event-type appears in the data.

To overcome this limitation, the algorithm can be modified so that a new automaton is
initialized in the start state, whenever an existing automaton moves out of its start state. All
automata make state transitions as soon as they are possible. Each such automaton would
track an earliest transiting occurrence. In this process, two automata may reach the same
state. In our example, after seeing (A, 5), the second and third automata to be initialized

@ Springer



A unified view of the apriori-based algorithms for frequent episode discovery 231

for @ would be waiting in the same state (ready to accept the next B in the data). Clearly, both
automata will make state transitions on the same events from now on, and so, we need to keep
only one of them. We retain the newer or most recently initialized automaton (in this case,
the third automaton) since the span of the occurrence tracked by it would be smaller. When
an automaton reaches its final state, if the span of the occurrence tracked by it is less than Ty,
then the corresponding frequency is incremented and all automata of the episode except the
one waiting in the start state are retired. (This ensures we are tracking only non-overlapped
occurrences). When the occurrence tracked by the automaton that reaches the final state fails
the expiry constraint, we just retire the current automaton; any other automata for the episode
will continue to accept events. Under this modified algorithm, in Dy, the first automaton that
reaches its final state tracks 45, which violates the expiry-time constraint of Tx = 9. So,
we drop only this automaton. The next automaton that reaches its final state tracks 1. This
occurrence has span less than Ty = 9. Hence, we increment the corresponding frequency
count and retire all current automata for this episode. Since there are no other occurrences
non-overlapped with i4, the final frequency would be 1. We denote this algorithm for counting
the non-overlapped occurrences under an expiry-time constraint as NO-X. The occurrences
tracked by both NO and NO-X would be earliest transiting.

Note that several earliest transiting occurrences may end simultaneously. For example, in
Dy, h{, k5, and hf all end together at (D, 15). Apart from {h{, h<}, the sets of occurrences
{h$, hg}, (hS, he), (hs, he and {hS, hSY, {hS, hg} also form maximal sets of non-overlapped
occurrences. Sometimes (e.g., when determining the distribution of spans of occurrences
for an episode) we would like to track the innermost one among the occurrences that are
ending together. In this example, this means we want to track the set of occurrences {4, h¢}.
This can be done by simply omitting the expiry-time check in the NO-X algorithm. (That is,
whenever an automaton reaches final state, irrespective of the span of the occurrence tracked
by it, we increment frequency and retire all other automata except for the one in start state).
We denote this as the NO-I algorithm, and this is the algorithm proposed in [10].

In NO-I, if we only retire automata that reached their final states (rather than retire all
automata except the one in the start state), we have an algorithm for counting minimal occur-
rences (denoted MO). In our example, the automata tracking 1%, i3, and hg are the ones that
reach their final states in this algorithm. The time-windows of these occurrences constitute
the set of all minimal windows of « in ;. Expiry-time constraints can be incorporated by
incrementing frequency only when the occurrence tracked has span less than the expiry-time
threshold. The corresponding expiry-time algorithm is referred to as MO-X.

The window-based counting algorithm (which we refer to as WB) is also based on tracking
earliest transiting occurrences. WB also uses multiple automata per episode to track min-
imal occurrences of episodes like in MO. The only difference lies in the way frequency
is incremented. The algorithm essentially remembers, for each candidate episode, the last
minimal window in which the candidate was observed. Then, at each time tick, effectively,
if this last minimal window lies within the current sliding window of width T, frequency is
incremented by one. This is because, an occurrence of episode « exists in a given window w
if and only if w contains a minimal window of «.

It is easy to see that head frequency with a window width of Tx is simply the number
of earliest transiting occurrences whose span is less than Tx. Thus, we can have a head
frequency counting algorithm (referred to here as HD) that is similar to MO-X except that
when two automata reach the same state simultaneously we do not remove the older autom-
aton. This way, HD will track all earliest transiting occurrences which satisfy an expiry-time
constraint of Tx. For Ty = 10 and for episode o, HD tracks A%, hj, hg, and h¢ and returns a
frequency count of 4. The total frequency count for an episode « is the minimum of the head
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frequencies of all its subepisodes (including itself). This can be efficiently computed as the
minimum of the head frequency of « and the total frequency of its (N — 1)-suffix subepisode
(¢[2] = «[3] — --- — «a[N]), which would have been computed in the previous pass over
the data. (See [8] for details). The head frequency counting algorithm can have high space
complexity as all the time instants at which automata make their first state transition need to
be remembered.

The non-interleaved frequency counting algorithm (which we refer to as NI) differs from
the minimal occurrence algorithm in that, an automaton makes a state transition only if there
is no other automaton of the same episode in the destination state. Unlike the other frequency
counting algorithms discussed so far, such an FSA transition policy will track occurrences
which are not necessarily earliest transiting. In our example, until the event (A, 4) in the data
sequence, both the minimal and non-interleaved algorithms make identical state transitions.
However, on (A, 5), NI will not allow the automaton in state (0, A) to make a state transi-
tion as there is already an active automaton for « in state (1, B) which had accepted (A, 4)
earlier. Eventually, NI tracks the occurrences A" = [1 3 7 15], h' = [4 9 16 18], kY =
[14 17 20 23] and h}"' = [19 21 25 29].

While there are no algorithms reported for counting distinct occurrences, we can con-
struct one using the same ideas. Such an algorithm (to be called as DO) differs from the
one for counting minimal occurrences, in allowing multiple automata for an episode to
reach the same state. However, on seeing an event (E;, ;) which multiple automata can
accept, only one of the automata (the oldest among those in the same state) is allowed to
make a state transition; the others continue to wait for future events with the same event-
type as E; to make their state transitions. The set of maximal distinct occurrences of o
in Dy are h{ = h¢, hd = [4 9 11 18],h¢ = [5 17 20 23],h¢ = [14 21 25 29] and
h‘si = [19 24 30 31] which are the ones tracked by this algorithm.

We can also consider counting all occurrences of an episode even though it may be ineffi-
cient. The algorithm for counting all occurrences (referred to as the AO) allows all automata
to make transitions whenever the appropriate events appear in the data sequence. However,
at each state transition, a copy of the automaton in the earlier state is added to the set of active
automata for the episode.

3.1 A unified algorithm for frequency counting

From the above discussion, it is clear that by manipulating the FSA (that recognize occur-
rences) in different ways we get counting schemes for different frequencies. The choices to
be made in different algorithms essentially concern when to initiate a new automaton in the
start state, when to retire an existing automaton, when to effect a possible state transition,
and when (and by how much) to increment the frequency. We now present a unified scheme
incorporating all this in Algorithm 1 for obtaining frequencies of a set of serial episodes. The
algorithm takes as input a set of candidate N-node serial episodes and an event stream D.
The form of the data stream is such that event-types sharing the same time of occurrence 7;
are all put together as a set &;. This form of the data stream helps us illustrate the algorithm
more lucidly. This algorithm has five boolean variables, namely, TRANSIT, COPY-AUTOM-
ATON, JOIN-AUTOMATON, INCREMENT-FREQ, and RETIRE-AUTOMATON. The
counting algorithms for all the different frequencies are obtained from this general algo-
rithm by suitably setting the values of these boolean variables (either by some constants or
by values calculated using the current context in the algorithm). Tables 2, 3, 4, 5, 6 specify
the choices needed to obtain the algorithms for different frequencies. (A list of all algorithms
is given in Table 1).
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Algorithm 1 Unified Algorithm for counting serial episodes

Input: Set Cy of N-node serial episodes, event stream D = (€1, 71), ..., (En, tm)))-
Output: Frequencies of episodes in Cy
1: foralle € Cy do

ORI NR LN

Initialize an automaton of o waiting in the start state.
Initialize frequency of « to ZERO.

:fori =1tomdo

for each automaton, A, ready to accept event-type E € &; do
o := candidate associated with A;
J := state which A is ready to transit into;
if TRANSIT then
if COPYAUTOMATON then
Add Copy of A to collection of automata.
Transit A to state j
if 3 an earlier automaton of « already in state j (before 7;) but not waiting for any E € & then
if JOIN-AUTOMATON then
Retain A and retire earlier automaton
if A reached final state then
Retire A.
if INCREMENT-FREQ then
Increment frequency of « by INC.
if RETIRE-AUTOMATON then
Retire all automaton of « and create a state "0’ automaton.

Table 1 Various frequency

counts WB Windows based
MO Minimal occurrences based
MO-X Minimal occurrence with expiry-time constraints
NO Non-overlapped
NO-I Non-overlapped innermost
NO-X Non-overlapped with expiry-time constraints
NI Non-interleaved
DO Distinct occurrences based
AO All occurrences based
HD Head frequency
?ﬁ‘}l&éﬁf}‘ﬁﬁém for WB, MO, MO-X, Always
HD NO, NO-X,
NO-1 AO
NI If there does not exist an earlier

automaton of « already in target
state j (before current time 7;) but
not waiting for any E € &;

DO No other earlier automaton for o
waiting in same state can transit on
an event-type E € &;

@ Springer



234 A. Achar et al.

Table 3 Conditions for

COPY-AUTOMATON —TRUE WB, MO, MO-X, HD, Only if A is in start state

NI, NO-X, NO-I, DO

NO Never
AO Always

Table 4 Conditions for

JOIN-AUTOMATON — TRUE WB, MO, MO-X, NO-X, NO-T Always
DO, AO, HD, NO, NI Never

Table 5 Conditions for

INCREMENT-FREQ — TRUE MO, NO, NI, DO, AO, NO-1 Always

WB, NO-X MO-X, HD If time difference between first and
last state transitions is less than Ty
(window width for WB, expiry
time for others)

Table 6 Conditions for

RETIRE-AUTOMATA —=TRUE 0> NO-X, NO-I Always
WB, MO, MO-X Never
HD, NI, DO, AO
MO-X

As can be seen from our general algorithm, when an event-type for which an automaton is
waiting is encountered in the data, the automaton can accept it only if the variable TRANSIT
is true. Hence, for all algorithms that track earliest transiting occurrences, TRANSIT will be
set to true as can be seen from Table 2. For algorithms NI and DO where we allow the state
transition only if some condition is satisfied.

The condition COPY-AUTOMATON (Table 3) is for deciding whether or not to leave
another automaton in the current state when an automaton is transiting to the next state.
Except for NO and AO, we create such a copy only when the currently transiting automaton
is moving out of its start state. In NO, we never make such a copy (because this algorithm
uses only one automaton per episode), while in AO, we need to do it for every state transition.

As we have seen earlier, in some of the algorithms, when two automata for an episode reach
the same state, the older automaton is removed. This is controlled by JOIN-AUTOMATON,
as given by Table 4. The JOIN-AUTOMATON condition is set to true for algorithms which
retain only the newer automaton when two automata come to the same state. Also, for algo-
rithms like AO, DO, and HD which allow multiple automata to remain in the same state, the
JOIN-AUTOMATON is set to false so that no automata are retired. Note that this condition
is not relevant for NO and NI because in these algorithms we will never have two automata
reaching the same state.

INCREMENT-FREQUENCY (Table 5) is the condition under which the frequency of an
episode is incremented when an automaton reaches its final state. This increment is always
done for algorithms that have no expiry-time constraint or window width. For the others, we
increment the frequency only if the occurrence tracked satisfies the constraint.
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Table 7 Values taken by INC INC =1 for all counts except WB.

For Window-Based count (WB),

If (first window which contains current minimal occurrence also
contains the previous minimal occurrence), then

INC =Time diff. between start of last window containing the
current minimal occurrence and the start of last

window which contains previous minimal occurrence.

else

INC = Time difference between the first and last window
containing the current occurrence +1.

RETIRE-AUTOMATA condition (Table 6) is concerned with the removal of all automata
of an episode when a complete occurrence has been tracked. This condition is true only for
the non-overlapped occurrence-based counting algorithms.

Apart from the five boolean variables explained above, our general algorithm contains
one more variable, namely, INC, which decides the amount by which frequency is incre-
mented when an automaton reaches the final state. Its values for different frequency counts
are listed in Table 7. For all algorithms except WB, we set I NC = 1. We now explain how
frequency is incremented in WB. To count the number of sliding windows that contain at
least one occurrence of the episode, whenever a new minimal occurrence enters a sliding
window, we can calculate the number of consecutive windows in which this new minimal
occurrence will be found in. For example, in D, with a window width of Ty = 16, consider
the first minimal occurrence of (A — B — C — D), namely, the occurrence constituted
by events (A, 5), (B, 9), (C, 11), and (D, 15). The first sliding window in which this occur-
rence can be found is [—1, 15]. The occurrence stays in consecutive sliding windows, until
the sliding window [5, 21]. When this first minimal occurrence enters the sliding window
[—1, 15], we observe that there is no other “older” minimal occurrence in [—1, 15], and
hence, as per the else condition in Table 7, the I NC is incremented by (5 — (—1) +1) =7.
Similarly, when the second minimal occurrence enters the sliding window [7, 23], we incre-
ment INC by (14 — 7 + 1 = 8). The third minimal occurrence (constituted by the events
(A,22),(B,24), (C,25), and (D, 29)) first enters the sliding window [13, 29], with the
second minimal window still occurring within this window. This third minimal occurrence
remains in consecutive sliding windows until [22, 38]. As per the if condition of Table 7,
INC isincremented by 22 — 14 = 8. Hence, the window-based frequency is fyi = 23 in Dy.

Remark 1 Even though we included AO (for counting all occurrences of an episode) for sake
of completeness, this is not a good frequency measure. This is mainly because it does not
seem to satisfy any anti-monotonicity condition. For example, consider the data sequence
<AABBCC=>. There are 8 occurrences of (A — B — C) but only 4 occurrences of each
of its 2-node subepisodes. Also, its space complexity can be high when one desires to count
with a large expiry-time constraint.

4 Proofs of correctness

In this section, we present correctness proofs of the various frequency counting algorithms
presented in Sect. 3 (all of which are specific instances of Algorithm 1).
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4.1 Minimal window counting algorithm

We first present a proof of correctness for the Minimal Occurrence counting algorithm (MO).
Our proof methodology is different from the one presented in [4]. We briefly explain the
proof in [4] at the end of this section. Our analysis of the MO algorithm leads to a better
understanding of the ET occurrences in general and the occurrences tracked by NO, NO-I,
and NO-X algorithms in particular. Also, it leads us to the relationship between minimal
and non-interleaved occurrences as explained in Sect. 5. Another advantage of our proof of
correctness is that it can be generalized to the case of episodes with general partial orders.
For this, instead of using the automaton for serial episodes (as described in the previous sec-
tion), we would need to employ a more general finite state automaton to track occurrences
of episodes with unrestricted partial orders. This is discussed briefly in Sect. 7.

Lemma 1 Suppose h is an earliest transiting occurrence of an N-node episode a. If I is
any general occurrence such that tpy,) < ty (), then h(v;) < hWj)Vi =1,2,...,N.

This lemma follows easily from the definition of ET occurrence.

Remark 2 Recall that A is the ith earliest transiting (ET) occurrence of an episode. Thus, by
definition, A (v1) < h‘(v1) and hY <, h% whenever i < j. Hence, from the above lemma,
we have A (v) < h; (v) forall k andi < j. In particular, we have, h{(v1) < hf_H(vl) and
hi(vy) < th (vn), for an N-node episode.

The main idea of our proof is that, to find all minimal windows of an episode, it is enough
to capture a certain subset of earliest transiting occurrences. This is because any minimal
window is also a window of some ET occurrence. Hence, if we can exactly characterize the
set of ET occurrences whose windows are minimal, we also have a complete characterization
for all minimal windows.

Lemma 2 An earliest transiting (ET) occurrence h{, of an N-node episode, is not a minimal
occurrence if and only if h{ (vy) = hf+l (vn).

Proof The “if” part follows easily from Remark 2. For the “only if” part, let us denote by
w = [ng, n.] = [h{(v1), h{(vy)] the window of h{. Given that w is not a minimal window,
we need to show that h{(vy) = hf _H(vN). Since w is not a minimal window, one of its
proper subwindows contains an occurrence, say, 4, of this episode. That means if & starts at
ng then it must end before ... But, since 4 is earliest transiting, any occurrence starting at the
same event as h¢ cannot end before A{. Thus, we must have i (vy) > h{(v1). This means, by
Lemma 1, since h{ is earliest transiting, we cannot have h{ (vy) > h(vy). Since the window
of h has to be contained in the window of hf, we thus have hf(v ~) = h(vy). By definition,
h{, | will start at the earliest possible position after /7. Since there is an occurrence starting
with A (v1), we must have th (v1) < h(vy). Now, since th is earliest transiting, it cannot
end after 4. Thus, we must have hf—s—l (vy) < h(vy). Also, hf_H cannot end earlier than A
because both are earliest transiting. Thus, we must have hf (vy) = hf i (vn)- This completes
proof of lemma. O

Remark 3 This lemma shows that any ET occurrence hj such that h{ (vy) < h7 _ (vy) is a
minimal occurrence (or the window of hf is aminimal window) and conversely. Thus, we can
track all minimal windows if we track all ET occurrences /¢ such that 4{ (vy) < th (vy).

Now, we are ready to prove correctness of the MO algorithm. Consider Algorithm 1 oper-
ating in the MO(minimal occurrence) mode for tracking occurrences of an N-node episode
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a. Since TRANSIT is always true in the MO mode, all automata would be tracking ET occur-
rences. Since COPY-AUTOMATON is true in MO mode whenever an automaton transits out
of start state, we will always have an automaton in the start state. This, along with the fact that
TRANSIT is always true, implies that the ith initialized automaton would be tracking hy, the
ith ET occurrence. Let us denote by A¥ the ith initialized automaton. However, since JOIN-
AUTOMATON is also always true, not all automata (initialized for this episode) would result
in incrementing the frequency; some of them would be removed when one automaton transits
into a state already occupied by some other automaton. In view of Lemma 2 and Remark 3,
if we show that the automaton A¥ results in increment of frequency if and only if 4{, the
occurrence tracked by it, is such that h{(vy) < h{ +1(vn), then the proof of correctness of
MO algorithm is complete.

Lemma 3 [In the MO algorithm, the ith automaton that was initialized for «, referred to as
A{, contributes to the frequency count if hf (vy) < hi | (vN).

Proof

A% does not contribute to the frequency
= A{ is removed by a more recently initialized automaton
= 3 A}, k > i, which transits into a state already occupied by.AY.
= 3k, jstk>i, 1 <j<Nandh{(v;) =hi(v)).
= 3jst. 1 <j<Nandhi(vj) = hi_ (vj).
because, by Remark 2, for k > i, Vj, hi(v;) < hi (vj) < hi(v)).
— h(uy) = h¢, , (uy)

The last step follows because both hf and hf 4 are ET occurrences, and hence, hf(v i) =
hf_H (v;) implies h¢(v;) = hf_H ("), Vi > j.
Conversely, we have

A contributes to the frequency
= Vj, 1 <j <N, hi(;) <hi  (vj)
= hi(vy) < hi_ (vn).

The first step follows because, if A contributes to the frequency then no automaton ini-
tialized after it would ever come to the same state occupied by it and since all occurrences
tracked are earliest transiting, this must mean ¢ (v;) < h{ +1(vj), Vj. This completes proof
of the lemma. O

Remark 4 As stated in the proof of Lemma 3, if hf(v;) = hi  (v)), then h{(v;) =
hfﬂ(vj/), Vj" > j. A consequence of this is that hi(vy) < th(vN) is equivalent to
hi (k) < hi () V1 <k < N.From Lemma 2, this is another equivalent condition for /}

to be minimal.

Remark 5 There already exists an earlier proof of correctness for the MO algorithm [4].
The proof methodology presented here is different from the existing proof by Das et al. [4].
The proof in [4] makes explicit use of one of the data structures used for implementation of
the MO algorithm. It specifically uses an array that stores the first transition time of all the
existing automata. This is particularly useful when handling expiry constraints. The proof in
[4] uses this array and views its update as recursively computing a matrix S[0...n,0...N]
using dynamic programming, where the ith row of this matrix corresponds to the state of
this array after processing E; from the data stream. One can show that S[i, j] is the larg-
est value £k < i such that Ej ... E; contains an occurrence of «[1] — ...«[j]. Whenever
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S[i, N] > S[i — 1, N], the count is incremented since a new minimal occurrence is recog-
nized. Our proof of correctness does not need this array for the proof arguments. It utilizes
the concept of ET occurrences introduced in this paper. Unlike our proof, this proof does not
give us any insights about the geometry of the minimal occurrences and ET occurrences in
general. Also, it is not clear how one can extend this proof idea to minimal occurrences of
unrestricted partial order episodes.

4.2 Other ET occurrence-based algorithms
4.2.1 Proofs of correctness for NO-X and NO-I

The NO-X algorithm can be viewed as a slight modification to the MO algorithm. As in the
MO algorithm, we always have an automaton in the start state and all automata make transi-
tions as soon as possible, and when an automaton transits into a state occupied by another, the
older one is removed. However, in the NO-X algorithm, the INCREMENT-FREQ variable
is true only when we have an occurrence satisfying T constraint. Hence, to start with, we
look for the first minimal occurrence which satisfies the expiry-time constraint and increment
frequency. At this point, (unlike in the MO algorithm) we terminate all automata except the
one in the start state since we are trying to construct a non-overlapped set of occurrences.
Then, we look for the next earliest minimal occurrence (which will be non-overlapped with
the first one) satisfying expiry-time constraint and so on. Since minimal occurrences locally
have the least time span, this strategy of searching for minimal occurrences satisfying expiry-
time constraint in a non-overlapped fashion is quite intuitive. Let H,x = {h'l'x , hgx .. h’}f
denote the sequence of occurrences tracked by the NO-X algorithm (for an N-node episode).
Then, the following property of H,x is obvious.

Property 1 h’l'X is the earliest minimal occurrence satisfying expiry-time constraints. For

any i, h:’x is the first minimal occurrence (of the N-node episode) after X (o) satisfying
.

expiry-time constraint. There is no minimal occurrence satisfying expiry-time constraints

which starts after th,}x(vN)‘

Theorem 1 H,y is a maximal non-overlapped sequence satisfying expiry-time constraints.

Proof Consider any other set of non-overlapped occurrences satisfying expiry constraints: H'
={h}, h, ...h;} ordered such that h} <, h} ,.Letm = min{f,[}. To show the maximality
of H,x, we first show the following.

’
i+1°

Xy S oy Vi= L2m. 3)

This will be shown by induction on i. We first show it for i = 1. Suppose ) < X oy
Consider the earliest transiting occurrence A" starting from h’1 (v1). This ends on or before
I vy by Lemma 1. Further, the last ET occurrence ending with 4” is a minimal occurrence
by Lemma 2. Its window is contained in the window of 4}, which satisfies the expiry con-
straints. Hence, we have found a minimal occurrence satisfying expiry constraints ending
before h’llX which contradicts the first statement of Property 1. Hence, thrlzX(UN) < ) (wy)-
Suppose WX )y = (o) is true for some i < m. We show that X oy = Tl o)+ By
Property 1, hl”j_‘] is the first minimal occurrence of « satisfying expiry-time constraints in the
data stream beyond TX (o) Suppose T, oy < th?fl (uy)- Then, very similar to the / = 1

case, we can construct a minimal occurrence of @« whose window is contained in that of h; 1

@ Springer



A unified view of the apriori-based algorithms for frequent episode discovery 239

h! 41 is non-overlapped with h;’x from the inductive hypothesis. Hence, we have found a
minimal occurrence satisfying constraints starting after th;’X(vN ) ending before h;‘fl which
contradicts the second statement of Property 1.

Now from eqn. (3), we can conclude that [ < f, i.e., any sequence of non-overlapped
occurrences can at most have f occurrences. This is because if H’ is such that [ > f, then
from eqn. (3), h’f 41 is an occurrence beyond Thr(vy)- As before we can construct a minimal
occurrence of « satisfying expiry constraints in the window of h’f _1» Which contradicts the
last statement of Property 1 that there is no minimal occurrence satisfying Tx beyond th,}x (on)"

Hence, |H, x| > |H’| for every non-overlapped sequence H’ satisfying expiry constraints.
Hence, H,x is maximal, and f = f,x. O

If we choose Ty equal to the time span of the data stream, the NO-X algorithm reduces
to the NO-I algorithm because every occurrence satisfies expiry constraint. Hence, proof of
correctness of NO-I algorithm is immediate.

4.2.2 Relation between NO-I and NO algorithms

We now explain the relation between the sets of occurrences tracked by the NO and NO-I
algorithms. As proved in [12], the NO algorithm (which uses one automaton per episode)
tracks a maximal non-overlapped sequence of occurrences, say, Hno = {h[°, h3° ... h?:o .
Since the NO-I algorithm has no expiry-time constraint, it also tracks a maximal set of non-
overlapped occurrences. Among all the ET occurrences that end at 4] (vy), let h;" be the
last one (as per the lexicographic ordering). Then, the ith occurrence tracked by the NO-I
algorithm would be hﬁ" as we show now. Since h’l“’ would be the first ET occurrence, it
is clear from our discussion in the previous subsection that the first occurrence tracked by
the MO algorithm would be h’l" As is easy to see, the MO and NO-I algorithms would be
identical till the first time an automaton reaches the accepting state. Hence, h’i” would be the
first occurrence tracked by the NO-I algorithm. Now the NO-I algorithm would remove all
automata except for the one in the start state. Hence, it is as if we start the algorithm with data
starting with the first event after Tpno (yy) = thiln(vN). Now, by the property of NO algorithm,

h3° would be the first ET occurrence in this data stream and hence hé” would be the first
minimal window here. Hence,it is the second occurrence tracked by NO-I and so on.

The above also shows that each occurrence tracked by the NO-I algorithm is also tracked
by the MO algorithm, and hence, we have fn, < fmi, stated as one of the relationships in

Theorem (2). H;, is also a maximal set of non-overlapping minimal windows as discussed
in [28].

4.3 Non-interleaved and distinct occurrence-based algorithms

The algorithm NI that counts non-interleaved occurrences is different from all the ones dis-
cussed so far because it does not track ET occurrences. Here also we always have an automaton
waiting in the start state. However, the transitions are conditional in the sense that the ith-
created automaton makes a transition from state (j — 1) to j provided the (i — 1)th-created
automaton is past state j after processing the current event. This is because we want the ith
automata to track an occurrence non-interleaved with the occurrence tracked by (i — 1)th
automaton. Let Hy; = { 'l’i, ’Z’i, ...h"} bethe sequence of occurrences tracked by NI. From
the above discussion, it is clear that it has the following property (while counting occurrences

of o).
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Property 2 h'l'i is the first or earliest occurrence (of ). For all i > landVj = 1,...,
N — 1, h" (vj) is the first occurrence of «[j] at or after #,ui (W) and A}’ (vy) is the ear-

liest occurrence of a[N] after #,i ON_D)* There is no occurrence of o beyond h’;’/ which is
1 - J
non-interleaved with it.

The proof that Hy; is a maximal non-interleaved sequence is very similar in spirit to that
of the NO-X algorithm. As earlier, we can show that given an arbitrary sequence of non-
interleaved occurrences H' = {h', b, ... h}}, we have hf’i(vk) < hi(v), Vi, k and hence get
the correctness proof of NI algorithm. It is easy to verify the correctness of the DO algorithm
also along similar lines.

4.3.1 Extending with expiry constraints

To obtain a maximal set of non-overlapped, non-interleaved or distinct set of occurrences, the
NO, NI, and DO algorithms just described adopt a greedy strategy which works as follows.
We look for the first occurrence of « say #1. Now, among all occurrences that are greater
than & (as per <,) and non-overlapped with or non-interleaved with/distinct from /{, we
choose the earliest occurrence of « and call it ;. We continue this process until we cannot
find any more occurrences in the event stream. One can show that the resulting set of occur-
rences will be a maximal set in the non-overlapped, non-interleaved, or distinct sense. One
can also show that this greedy strategy extracts a maximal set of occurrences under these
counts even when expiry-time constraints are incorporated.

We first look at how to implement this strategy for the non-overlapped count with expiry
constraints and compare it with the NO-X algorithm. To track the earliest occurrence of «
satisfying expiry constraints, it is enough to search in the space of ET occurrences. So, to
start with we need to follow a strategy similar to the HD algorithm to track %; (which is
the first ET occurrence satisfying expiry constraints). Once h is located, we drop all the
existing automata and find the earliest occurrence satisfying expiry in the remaining portion
of the data and so on. This strategy suffers from the problem of needing large memory
as multiple automata occupying the same state need to be tracked. We point out that the
NO-X algorithm which also tracks a maximal set of non-overlapped occurrences with expiry
constraints follows a more intelligent strategy. Instead of searching in the space of all ET
occurrences, it searches only in the space of minimal windows (essentially a specialized set
of ET occurrences). This strategy of NO-X works mainly because of the non-overlapped
nature of the frequency measure. For ensuring maximality of the set of occurrences tracked,
it is enough if the first occurrence tracked satisfies Ty and ends along with &, the first ET
occurrence satisfying expiry constraints. Similarly, the next occurrence need not have to be
the earliest occurrence non-overlapped with 41. It is enough if it ends with /5. By searching
in the space of minimal ET occurrences, the ith occurrence tracked by NO-X would be the
last ET occurrence ending with #;, the ith occurrence tracked by the greedy strategy with
expiry constraint 7x. And more importantly, the temporary memory needed per episode is
bounded above by the size of the episode.

Suppose, we intend to implement the greedy strategy to count non-interleaved or distinct
occurrences under expiry-time constraint. Firstly, we have to find the earliest occurrence of o
satisfying Ty, for which we need to locate the first ET occurrence satisfying Ty . To search for
earliest transiting occurrences, we need to spawn automata very similar to the HD algorithm.
Hence, we would have multiple automata in the same state along with the time information
of their first state transition, due to which the temporary storage can go unbounded. Also,
for each such potential ET occurrence that the HD algorithm strategy would track, we need
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to track the earliest occurrence non-interleaved with (distinct from) it and satisfying Ty . For
example, consider the following data stream.

D' = (A, 1), (A,6),(B,9), (A, 10), (C, 11), (B, 12), (A, 13), (D, 14), (B, 15),
(C, 16), (B, 17), (A, 18), (D, 19), (C, 20), (D, 21), (B, 22), (C, 23), (D, 24)

In I, the set {[10 12 16 19],[13 17 20 21],[18 22 23 24]} forms a maximal set of
non-interleaved occurrences for« = (A — B — C — D) and Tx = 10. Hence, we have
fni = 3. The first two ET occurrences here namely [1 9 11 14] and [3 9 11 14] do not
satisfy Ty constraint. A = [10 12 16 19] is the first ET occurrence in D’ satisfying Tx.
Here, till hf and hs end, we would need to keep track of the earliest occurrences beyond
and non-interleaved with these. In other words, additional automata have to be spawned to
track the prospective second non-interleaved/distinct occurrence satisfying time constraints.
For example, i’ = [13 17 20 21] is one such occurrence which is non-interleaved with hs.
Also, h”" = [18 22 23 24] is the third occurrence of the maximal set in the event sequence
considered. Note that it starts before hg ends. And to be able to track this occurrence, one has
to track occurrences beyond and non-interleaved with second level of occurrences like 4/,
which at the outset looks very complicated. Hence, with the greedy approach, it looks infea-
sible to devise NI/DO counting algorithms with expiry-time constraints under the generic
scheme presented earlier.

Also, any relaxation on this general greedy strategy does not guarantee maximality
for the non-interleaved/distinct occurrence-based counts (even though the NO-X algorithm
described before, instead of picking the first ET occurrence satistying T, relaxes this strat-
egy and chooses the last ET occurrence ending with it). 7§ = [10 12 16 19] is the first ET
occurrences satisfying Ty = 10, and h§ = [13 15 16 19] is an ET occurrences satisfying
Ty and ending with h§. We cannot choose the fourth ET occurrence as the first relevant
occurrence in the set of maximal non-interleaved occurrences. This is because the occur-
rence i’ = [13 17 20 21] even though non-interleaved with h§ is not so with 44. Hence, we
would miss /" and count one less if we adopt the strategy of choosing h§ as the first relevant
occurrence. Note that A’ is the first occurrence beyond /4 that is non-interleaved with it and
satisfies Ty. Hence, we have to look for the first ET occurrence which satisfies Ty (in IV, it
is %), as advocated by the greedy strategy.

5 Relationships between different frequencies

‘We now point out some quantitative relationships between the different frequency counts for a
given episode. It is immediate from the definitions of head and window-based frequency that
fuwo = fu for any window width. Except the window-based count, all the other frequencies
count some subset of the set of all occurrences. For example, suppose there is a data stream
which has exactly one occurrence of a particular episode. The window-based count for any
window width greater than the span of this occurrence is greater than one. Window-based
count, not being an occurrence-based count, is not explicitly considered in the next result.

Theorem 2 (a) Forany serial episode, the various frequencies obey the following in any
given event sequence.

Jait = fo = fror = f4 4)
ftat > fni > fmi > fno (5)
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where fq1 denotes the total number of occurrences of an episode, while fj, and fio; denote
the corresponding head and total frequencies defined with a window width exceeding the
total time span of the event sequence.

(b) If the serial episode is injective, the inequality fy > fui is also true (An episode o is
injective if it does not contain any repeated event-types).

As an illustration, note that these relationships indeed hold for the episode (A — B —
C — D) in the example sequence D discussed in Sect. 3. For a large sliding window width
(width exceeding the time span of any earliest transiting occurrence), the head frequency f
is same as the number of earliest transiting occurrences of an episode. This is because a win-
dow contains an occurrence starting at its left end if and only if it contains an ET occurrence
starting at its left end.

Proof We prove (a) first. Let us start with (4). The first inequality in (4) is obvious. From
Eq. (2) in Definition (7), it is obvious that f; > fio;. The second inequality follows directly
from Eq. (2) in Definition (7). Given a set of f maximal distinct occurrences of an episode
« in a data stream D, one can extract that many earliest transiting occurrences of not only «
but also of all its subepisodes in D. Hence, the total frequency of «, which is the minimum of
head frequency (number of earliest transiting occurrences) of all its subepisodes, is at least
equal to the number of distinct occurrences. Hence, we have fi,; > fy.

We now prove the relations in (5). To prove the first inequality, consider a maximal set
of fui non-interleaved occurrences {hy, ha,...hy,} of an episode o. Consider one of its

subepisodes, say . For each h;, extract those event-types constituting 8 and call it hlﬁ . Now
thﬁ(vl) = th;(n) forsome k = 1,2,... N.If k = N, then 8 must be the 1-node subepisode
@[N]. This means .5\ = fh;(oy) > hioy-1) Z thiiow) = 48, (The first inequality
is because we are dealing with serial episodes. The second inequality is because /; is non-
interleaved with 4;_1.) Hence, we have 1,6 o > 1,6 o)’ This means we have fy; distinct
i i—1
occurrences of the 1-node episode o[ N], and therefore,head frequency of § = («[N]) must
be at least fy.

Now, we consider the case for k = 1,2, ... (N — 1). Here, we have fhﬁ(vl) =t =
i
Thi i) > Thiop) = LB The first inequality is because h; is non-interleaved with
i—1
hi_1. The second inequality is because we are dealing with serial episodes. Hence, we have

th;.” oy > th,@i] ) This means hf , for different i start at different time instants. Consider the
earliest occurrence of B8 (which is also ET) starting at each of these time instants. Hence,
we have found f;; number of ET occurrences of B too in the data stream. Thus the head
frequency of B is at least fp;. Since this is true for any subepisode g, the total frequency of
o(fror) will be at least fp;.

To show the second inequality in (5), we first note that if an ET occurrence A{ is mini-
mal, then it is non-interleaved with ;. We can prove this by contradiction. Suppose h is
minimal and £{ is not non-interleaved with A7 . Since k] is minimal, we have A7 (v;) <
hf+1 (), Vj’, from Remark 4. Since we are dealing with serial episodes, this is same as
ey < The, ;) If A{ is not non-interleaved with h{_ |, there exists a j < N such that
e ) < Th(v41)- Thus, we must have ey < e, () < the i) < he, (vj41)- But this
cannot be because Eh;’(v,- 4 18 the earliest o[ j + 1] after e (v)) and if it is also after e, )
then the fact that both 4§ and th are ET occurrences should mean /¢ (v;11) = th (jt+1)
which is a contradiction. Hence, h{ and hy | are non-interleaved. Thus, given the sequence
of minimal windows, the earliest transiting occurrences from each of these minimal windows

gives us a sequence of (same number of) non-interleaved occurrences. This leads to fi,i < fni-
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For the last inequality in (5), we have already seen that the algorithm NO-I tracks a maxi-
mal set of non-overlapped occurrences. Also, each occurrence tracked by the NO-I algorithm
is also tracked by the MO algorithm,and hence, we have f, < fni-

We now prove (b) by showing that any set of non-interleaved occurrences of an injective
episode is also distinct. Suppose /1 and &, are two occurrences (with i1 <, h2), which are
non-interleaved. Then, f,(jy > th(j+1), J = 1,2,...N — L. Also, t,(j) < tp,(j+1) for
all j, since we are dealing with serial episodes only. Hence, we have #;,(j) > t,(;) for all
j=1,2,...(N —1). Hence, h>(j) can be equal to some /(i) fori > j only. This cannot
happen if the episode under consideration is injective, because then h2(j) = h1(i) for an
i > j implies that Ep,(jy = Ej,(;) forani > j. This is not possible for injective episodes.
Hence, i and h; are distinct. To illustrate why the inequality fails for non-injective serial
episodes, consider an event stream ((A, 1), (A, 2), (A, 3)) and an episode (A — A). This
stream has fp; =2 and fy = 1. O

6 Candidate generation

The counting part of the apriori-based discovery was explained in great detail in the previous
sections. We now elaborate on the candidate generation step here. As explained, the candidate
generation step for either serial or parallel episodes (irrespective of the frequency) exploits
some necessary condition for an /-node episode to be frequent in terms of its (I — 1)-node
subepisodes. In this section, we discuss such anti-monotonicity properties of the various fre-
quency counts, which in turn are exploited by their respective candidate generation steps in
the Apriori-style level-wise procedure for frequent episode discovery.

It is well known that the window-based [17], non-overlapped [10] and total [8] frequency
measures satisfy the anti-monotonicity property that all subepisodes of a frequent episode
are frequent. One can verify that the same holds for the distinct occurrence-based frequency
too. Accordingly, the candidate generation step in discovering episodes based on these fre-
quencies generates an /-node episode as a probable candidate for counting at level /, only if
all its subepisodes of size (I — 1) are already found to be frequent. On the other hand, the
head, minimal, and non-interleaved frequencies do not satisfy the property that all subep-
isodes are as frequent as the parent episode. In spite of this, they satisfy a more restricted
anti-monotonicity property which is exploited for discovery based on these counts.

As pointed out in [8], for an episode «, in general, only the subepisodes involving o[ 1] are
as frequent as « under the head frequency. In a level-wise apriori-based episode discovery,
the candidate generation for the head frequency count would exploit the condition that if an
N-node episode is frequent, then all (N — 1)-node subepisodes that include «[1] have to be
frequent. The head frequency definition has some limitations in the sense that the frequency
of the (N — 1)-node suffix> subepisode an be arbitrarily low. Consider the event stream with
100A’s followed by a B and C. Suppose all occurrences of A — B — C satisfy the expiry
constraint Ty. Even though there are 100 occurrences of A — B — C, there is only one
occurrence of B — C. This can be a problem when one desires that the frequent episodes
capture repetitive causative influences.

Like the head frequency, the minimal occurrences (windows) and the non-interleaved
occurrences also do not satisfy the property that all subepisodes are at least as frequent as
the corresponding episode. However, the (N — 1)-node prefix and suffix subepisodes are at

3 Given an N-node episode a[1] — «[2] — --- — «[N], its K-node prefix subepisode is a[1] — «[2] —
- — «[K] and its (N — K)-node suffix subepisode is «[K + 1] — «[K + 2] — --- — «[N] for
K=12,...,(N—1).
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least as frequent as the episode as we show below. This aspect of the minimal occurrence
count has not been reported in literature to the best of our knowledge including [17] which
introduces the minimal window measure. This aspect of the non-interleaved count has been
reported in [9] without a proof. For an example, consider a data stream where successive
events are given by ABAC BDC D. Even though there are two minimal windows (and two
non-interleaved occurrences) of A - B — C — D, there is only one minimal window
(and one non-interleaved occurrence) of each of the non-prefix and non-suffix subepisodes
A— B — Dand A - C — D. We now formally prove the anti-monotonicity property
for minimal and non-interleaved occurrence-based frequencies.

Theorem 3 [fan N-node serial episode a has a frequency f in the minimal window or the
non-interleaved sense, then its (N — 1)-node prefix subepisode (o) and suffix subepisode
(ats) have a frequency of at least f.

Proof Consider a minimal window of the episode @ namely w = [t;, t.]. Consider the ET
occurrence /1, of the (N — 1)-node prefix subepisode starting from ;. Its window w' = [t5, 1]
would be such that 7, < 1, because « is a serial episode. It is clear that w’ forms a minimal
window for the prefix subepisode «,. This is because any proper subwindow of w’ starting
at f; cannot contain an occurrence of &, as there can be no occurrence of «;, ending before
hp (as per Lemma 1). A proper subwindow of w’ containing an occurrence of o), starting
after z; would contradict the minimality of w itself. Hence, w’ is a minimal window of « »
starting at ;. Hence, for each minimal window of o, we can find a minimal window of «,
which starts with w and ends strictly before it. Since each minimal window of « has a unique
starting point, each of the minimal windows of its (N — 1)-node prefix subepisode (o)
considered above has different starting points. Therefore, these minimal windows of o, are
distinct. We hence conclude that ), has a frequency of at least f.

A similar proof works for the suffix subepisode by considering the window of the last
occurrence & of the suffix subepisode ending at ¢,.

Consider Hyi = {h1, h2, ... h s}, amaximal set of non-interleaved occurrences of «. From
each occurrence hy of «, we choose a suboccurrence h,’: = [hr(vy) hr(vy) ... hx(oy=1)],
which is an occurrence of «,. One can verify from the non-interleaved definition that this

new set of occurrences hf ,hY ... kP is non-interleaved. Hence, the frequency of o), is at
least f. A similar thing can be shown for g by considering i = [hg (v2) hr(v3) ... hx(vy)].
[m}

From the above theorem, we can further conclude that if an N-node serial epi-
sode has a frequency f in the minimal window or non-interleaved sense, then all its
contiguous subepisodes® will have a frequency of at least f. However with respect to the
non-contiguous episodes, the situation here is not as bad as that for head frequency because
all non-contiguous (in fact all) subepisodes will have at least as many distinct occurrences
as the number of minimal or non-interleaved occurrences of the episode, at least in case
of injective episodes. This is because, in case of injective episodes, the number of distinct
occurrences is always greater than the non-interleaved count, which in turn is greater than
the minimal windows count (Theorem 2). Hence, given that there are f non-interleaved or
minimal occurrences of an injective episode «, there are at least f distinct occurrences of
« too. Since the distinct occurrence-based frequency satisfies the original anti-monotonicity
property (of all subepisodes being at least as frequent as the episode), all subepisodes of «

4 A K-node subepisode a1, of « is a contiguous subepisode if @1 = (@[i] = «a[i + 1] = ---a[i + (K —1)]
forsomei =1,2,...(N—K +1)
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too will have at least f distinct occurrences. If the episode is non-injective, then we cannot
say anything about the frequencies of its subepisodes in the distinct occurrences sense. For
the case of general episodes, we can show that the minimal/non-interleaved frequencies of
at least all the (N — 1)-node subepisodes of an N-node episode having minimal/non-inter-
leaved frequency f cannot be less than f/2. We have just seen that all the prefix and suffix
subepisodes will be at least as frequent as the episode. We show in Sect. A that the frequency
of those (N — 1)-node subepisodes which are neither prefix nor the suffix subepisodes is
lower bounded by f/2. We will also see that this bound is in fact tight for injective serial
episodes.

Accordingly, for frequent episode discovery under minimal and non-interleaved
occurrence-based frequency, an (£ 4+ 1)-node episode is generated as a potential candidate if
and only if its £-node suffix and prefix subepisodes are frequent. The candidate generation
step here combines two £-node episodes o« and a» from the set of frequent serial episodes at
level ¢ if the (¢ — 1)-node suffix subepisode of o’ matches the (¢ — 1)-node prefix subepisode
of «p. The combination results in an episode (a1 [1] = «1[2] = -+ — o1[£] = a2[£]). As
an example, if (A - C — D) and (C — D — B) are frequent 3-node episodes, the can-
didate generation step would combine these two episode to generate (A —- C — D — B)
as a potential candidate at level 4. Candidates at a given level when stored in lexicographic
order results in episodes sharing the same (N — 1)-node prefix subepisode naturally coming
together as a block [17]. For every episode «, we extract its (N — 1) suffix, and search for
a block of episodes whose (N — 1) prefix matches this suffix and form a candidate for each
episode in this block. This kind of candidate generation has already been reported in the
literature in [21,26] and [24] in the context of mining under gap/inter-event time constraints.

7 Discussion and conclusions

The framework of frequent episodes in event streams is a very useful data mining technique
for unearthing temporal dependencies from data streams in many applications. The frame-
work is about a decade old, and many different frequency measures and associated algorithms
have been proposed over the last ten years. In this paper, we have presented a coherent view of
all apriori-based discovery algorithms for frequent serial episode discovery. In particular, we
presented a generic automata-based algorithm for obtaining frequencies of a set of candidate
episodes. This method unifies all the known algorithms in the sense that we can particularize
our algorithm (by setting values for a set of variables) for counting frequent episodes under
any of the frequency measures proposed in literature.

As we showed here, this unified view of counting gives useful insights into the kind of
occurrences counted under different frequency definitions and thus also allows us to prove
relations between frequencies of an episode under different frequency definitions. Our view
also allows us to get correctness proofs for all algorithms. We introduced the notion of earliest
transiting occurrences and, using this concept, are able to get simple proofs of correctness
for most algorithms. This has also allowed us to understand the kind of anti-monotonicity
properties satisfied by different frequency measures, which is needed for the design of the
candidate generation step.

While the main contribution of this paper is this unified view of all frequency count-
ing algorithms, some of the specific results presented here are also new. The relationships
between different frequencies of an episode (cf. Theorem 2) are proved here for the first
time. The distinct occurrence-based algorithm (automata-based) described is also novel. The
specific proof of correctness presented here for minimal occurrences is also novel. Also, the
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correctness proofs for non-overlapped occurrence-based frequency counting under expiry-
time constraint has been provided here for the first time.

In this paper, we have considered only the case of serial episodes. This is because, at
present, there are no algorithms for discovering general partial orders under the various
frequency definitions. However, all counting algorithms explained here for serial episodes
can be extended to episodes with a general partial order structure. We can come up with
a similar finite state automata (FSA), which track the earliest transiting occurrences of an
episode with a general partial order structure [1]. For example, consider a partial order epi-
sode (A B) — C which represents A and B occurring in any order followed by a C. In
order to track an occurrence of such a pattern, the initial state has to wait for either of A
and B. On seeing an A, it goes to state-1 where it waits only for a B; on the other hand,
on seeing a B first it moves to state-2 where it waits only for an A. Then on seeing a B in
state-1 or seeing a A in state-2 it moves into state-3 where it waits for a C and so on. Thus,
in each state in such a FSA, in general, we wait for any of a set of event-types (instead of a
single event for serial episodes) and a given state will now branch out into different states
on different event-types. With such a FSA technique, it is possible to generalize the method
presented here so that we have algorithms for counting frequencies of general partial order
episodes under different frequencies. The proofs presented here for serial episodes can also
be extended for general partial order episodes. While it seems possible, as explained above,
to generalize the counting schemes to handle general partial order episodes, it is not obvious
what would be an appropriate candidate generation scheme for general partial order episodes
under different frequency definitions. This is an important direction for future work.

In this paper, we have considered only expiry-time constraint which prescribes an upper
bound on the span of the occurrence. It would be interesting to see under what other time
constraints (e.g., gap constraints), design of counting algorithms under this generic frame-
work is possible. Also, some unexplored choice of the boolean conditions in the proposed
generic algorithm may give rise to algorithms for new useful frequency measures. This is
also a useful direction of research to explore.

We have only considered the apriori-based discovery algorithms in this paper, which
essentially do a breadth-first search in the space of all episodes. As discussed in Sect. 2.1,
discovery algorithms based on a depth-first search strategy [7, 18] of the space of all episodes
have also been proposed. These algorithms explicitly carry the occurrence lists of the epi-
sodes being counted. The occurrence list of a given N-node episode is formed recursively
by a temporal join of a list of occurrences of its (N — 1)-node prefix subepisode and an
occurrences list of its 1-node suffix subepisode. Such depth-first algorithms currently exist
under the head and minimal occurrences (with gap constraints) based frequencies. Currently,
there are no algorithms employing such strategies under the remaining frequencies discussed
here. Under the non-overlapped or non-interleaved frequencies, which count a maximal set
of occurrences by definition, the temporal join idea is not straightforward. This is because
any temporal join of the occurrence lists of its suitable subepisodes yields an occurrence list
whose occurrences need not form a maximal set in general. Designing such algorithms for
the remaining frequencies and viewing all of them in a unified light is an interesting future
direction to explore.

A Appendix

In order to show the bound discussed at the end of Sect. 6, we first make an observation
regarding the minimal windows of a (N — 1)-node non-(prefix/suffix) subepisode, which is
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neither a prefix nor a suffix subepisode. Given an episode « and its minimal window w, no
subwindow w’ of w with both its endpoints strictly within w can contain an occurrence of
either its prefix or suffix (N — 1)-node subepisodes. This is because it would immediately
contradict the minimality of w. Interestingly, a similar thing holds good for the non-(pre-
fix/suffix) subepisodes too which is shown below.

Lemma 4 Given an episode o and one of its minimal windows w = [t;, t.], there does not
exist a subwindow w' = [t], t.] of w with both its endpoints strictly within w that contains
an occurrence of some non-(prefix/suffix) (N — 1)-node subepisode of o.

Proof Suppose there exists such a subwindow w’ containing an occurrence of some non-
(prefix/suffix) subepisode, say «,. Let «, be obtained by dropping the ith node of «. Note
that i can be anywhere from 2 to (N — 1). Consider the last occurrence of « in w, say h. Let
the earliest occurrence of «,, in w’, say h,. Since o, is obtained by dropping the ith node
of o, we have Vj < i, En,wj) = af[jland Vj > 1, En,wy) = afj + 1]. We now make an
observation that #y, ;) > th(v;, ) forall j =1,2... (i — 1). We show this by contradiction.
Suppose for some jo, th,(v;,) < h(vjy41)» then [#;, t.] contains an occurrence of &, namely
[hp(v1) ... hy(vj) h(vjo+1) - .. h(vy)], which contradicts the minimality of w. Hence, we
now have #;, ;) > th,(v_,) = Ih(v;)- This would mean that the window [z, ] contains an
occurrence [ (vy) ... h(vi)h,(vi) ... h,(vy—1)] of @ which would contradict the minimality
of w. O

We now prove the lower bound on the frequency f of such (N — 1)-node subepisodes
under both minimal window and non-interleaved occurrence-based counts when f is even.
On exactly similar lines as the proof of Theorem 4, we can show that this lower bound trans-
lates to [ f/2] when f is odd. Later, we will illustrate with examples how this lower bound
can actually be achieved for injective episodes.

Theorem 4 In any event stream D = (€1, 11), (E2,12), ... (Em, Im)), (Where t; < Ty and
& are a set of event-types) having an episode o with frequency (f = 2k) in the minimal
window (non-interleaved) sense, every non-(prefix/suffix) (N — 1)-node subepisode o, will
have a frequency of at least f/2 = k in the minimal window (or non-interleaved) sense.

Proof For the minimal window case, we will prove this by induction on k. Existence of two
minimal windows certainly guarantees at least one occurrence of each of its subepisodes.
Hence, the statement is obviously true for k = 1. Suppose it is true for some k = r, we need
to show that it is also true for a data sequence s containing 2(r + 1) minimal windows of «.
Let wy, = [tszr , tezr ] denote the 2rth minimal window of « in D. Let us consider the portion
of D from £ till 13’ , and denote it as D). D, is an event stream with 2 minimal windows
of @ and hence satisfies the inductive hypothesis for k = r. Hence, each non-(prefix/suffix)
episode has a minimal window frequency of at least r in D,,. If we can show that extending
D), to D results in at least one new minimal window of o, in D, we are done. We shall show
this by contradiction.

Suppose by extending D}, to ID, there is no new minimal window of «,, in ID. Let us focus
on the last three minimal windows of o namely wo,, wa,+1 and wy,42. Any minimal win-
dow of « contains an occurrence of «,,. This occurrence window of «;, must contain some
subwindow which is a minimal window of «;,. Hence, every minimal window of « contains
a minimal window of «,,. In particular, ws,1 and wy,42 contain minimal windows of «,,. If
no new minimal window of &, would come up when data stream is extended from D, to I,
it should be the case that the minimal windows of «;,, contained in wj,+1 and w7 must
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coincide and occur in D,. Let us call this minimal window w,, = [¢/, #,]. Since D, ends at
12", wehaver, < 12" < t27+1. Also, since w, is a part of wy, 12, we have 1/ > 122 > ¢2r+1,
Hence, we have both the end points of wy,, strictly within ws,41. This contradicts Lemma 4
applied on wy,41. This ultimately proves that there must be at least one minimal window of
a,, in D which lies partly or fully outside D ,.

Considering the non-interleaved case, let Hy; = {hy, h2,...hyy} be a maximal set of
non-interleaved occurrences of «, where h; <, hj41. Suppose «;, is obtained by dropping
the ith element of @ where i ranges from 2 to N — 1. From each /; where k is odd, let
us choose a suboccurrence of o, by dropping /iy (v;). We will show that this sequence of
occurrences H;, = {h}, h ... h’f} forms a set of non-interleaved occurrences. We start with
showing that h/1 and h/2 are non-interleaved i.e., ’h/z(u_,-) > thﬁ(".iﬂ) forj=1,2,...(N —2).
We will show this separately for different ranges of j. First, for j = 1, ... (i — 2), we have
hy(vj) = h3(vj) = ha(vj1) = hi(vj42) > hi(vj41) = B} (vj41) which finally implies
h,(vj) > h(vj11). Here, the first equality follows from the definition of /). The next two
inequalities follow because #; is a non-interleaved sequence. The last equality is again by
the definition of 4}. Next, for j = (i — 1), we have h5(vi—1) = h3(vi—1) = ha(v;)) >
hi(viy1) = h’1 (vi). As before, the first equality follows from the definition of h/2 The next
two inequalities follow because /; is a non-interleaved sequence. The last equality is again
by the definition of 4. Hence, we have h(vi_1) > &/ (v;). Next, we show the non-inter-
leaved property for j > i. Again, for reasons similar to the ones outlined above, we have
Ry (igk) = h3igkg1) = ha(Wigks2) = hi(vigke3) > hi(Wigkg2) = 7 igrs)V0 <
k < (N —2) —i. This completes the proof for & and h/, being non-interleaved. On exactly
similar lines we can show that /] is non-interleaved with /7 | for every i. |

We now show the tightness of the bound through some examples. Consider the episode
o = (A - B — C — D) and the data stream where successive events are given by
q = ABACBDCD. Recall that this was the same data stream we used to illustrate that the
subepisodes that are neither prefix nor suffix can have a lesser frequency than the given epi-
sode. This data stream has 2 minimal windows (or non-interleaved occurrences) of & and only
one minimal window (non-interleaved occurrence) of (A —- C — D) and (A — B — D).
This illustrates the tightness of the bound for f = 2 and k = 1. We can show the tightness
of the bound for any k by considering the data stream ¢*, which is the concatenation of ¢ to
itself k times. This string contains 2k minimal windows (non-interleaved occurrences) of o
and only k£ minimal windows (non-interleaved occurrences) of each of its non-(prefix/suffix)
subepisodes. This example can be generalized to any injective episode « by considering the
data stream ¢ = o[1]o[2]o[1]e[3]e[2] ... a[N]a[N — 1]a[N] and its k self-concatenations.
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