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Abstract— Consider a wireless system where a sender cansame channel. At the beginning of each time slot, the sender
transmit data to various users with independent and varying broadcasts a pilot signal used by each receiver estimate
channel conditions. To maximize its long-term transmissio rate, s channel state:;. The sender may decide to acquire the
the sender should always transmit to the user with the best o AR
channel. To discover which user has the best channel, it has channel _state of recelverarjd to th's alm,_ 'F §ends aquery to
to spend time to probe channels, and this reduces the time this receiver. For each receiver, this acquisition procetikes
available for effective transmission. This paper aims at iéntifying a proportiong of the slot. The sender should then carefully

optimal joint probing and scheduling strategies. These stitegies design its probing and scheduling strategy.

realize the best trade-off between the channel state acqition b) Problem 2. Opportunistic spectrum access in multi-
and effective transmission. We first provide general struatral h | wirel ) K f irel
properties of optimal strategies, and then exactly charaarize Cchannel wireless networksin future wireless systems, a

these strategies in particular but relevant cases. Finallywe user will be able to access a large number of channels. To
propose extensions of this problem, e.g., to impose fairnesmong maximize its throughput, a user should use a channel with
the users, we investigate how to maximize system utility réler  good conditions. Here again, a user has to probe channels to
than throughput. look for the best possible and this has a cost, as it reduces
the remaining time for effective transmission. The probliem

clearly identical to problem 1.
A. Probing and Transmission Problems in Wireless Systems

|I. INTRODUCTION

In rate adaptive wireless systems, the sender can adapt%ﬂeSyStem Model and Problem Formulation

transmission rate to the receiver depending on the channeFor illustrative purposes, we choose to use a terminology
conditions between them. When the sender can transmit eithelated to Problem 1 (even though the formalism for Problem
to different users or to a single receiver but on variou is identical). We consider a system of users whose
channels, it has to decide to which user it should transmit ohannel conditions vary over time. Time is slotted and the
which channel it should use. Before transmitting, it camspe channel conditions of the various users are assumed to memai
some time to discover the conditions of the various users asnstant for the duration of one slot, i.e., the coherenue ti
channels. To maximize its transmission throughput, theeen of the channels is larger than one slot; these conditions may
should adopt an efficient probing/scheduling strategybiP® change at the slot boundaries. In other words, we consider
many users/channels reduces the time remaining for eféectthe block fading model. Denote by(t) the channel state of
transmission but can increase the rate during transmissiaser: during slott. Now the transmission rate at which a user
whereas probing very few users/channels reduces the grobivhose channel is in staiec Rt can receive is denoted by
procedure duration, but decreases the information avaitab R(c) whereR is an increasing function. For examplg,can

the sender and thereby reduces the rate of transmission. Mfgresent Shannon limi2(c) = W log, (1 + % . whereW
illustrate this probing/scheduling problem in two exanspté g the channel bandwidth ankl N, are the transmission and
wireless systems. ~ the noise powers, respectively. Here the channel stagpre-

a) Problem 1. A broadcast channel with CSI acquisitionsents the fraction of transmission power received by the use
Consider a wireless network with a single sender and sevegghsidered. We assume that the channel states are independe
receivers. The sender can transmit to one receiver at a tirggyoss users, but the distributions of the channel stataaf e
and hence, has to decide which receiver to schedule at eggBr may be different. For a given user, the channel staees ar
time slot. The objective of the sender could be to maximiee th,jependent and identically distributed (i.i.d.) acrasetslots
system long-term throughput or when accounting for faineg;iin c.d.f. Ei() (Fy(a) = Prle;(t) < a)). In the following,
issues, a certainutility of the system. Unlike 3G cellular e denote byC; a generic r.v. with c.d.fF;. We assume that
systems where a dedicated channel per receiver is openiofor every useri, is known at the transmitter.
convey the channel state information (CSI), we consider ax; the beginning of each time slot, the sender can decide to

scenario where the CSI and the data are transmitted on H?Sbe some channels, to transmit to one of the probed users,
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that probing the channel state of a user takes a propgftioin that underrs. But, wheng > 1/8, the throughput under,

the slot duration. Hence, in a given slot, when the tranemittis higher than that under; . [ ]

decides to transmit to a user whose channel state iehere  The above example demonstrates that the probing and trans-

c can be either known or unknown, the throughput during thigiission strategy should be designed by taking into accduent t

slot is: cost for probing, which is time here. Since, the channekstat
T = (1-B|P|)R(c), changes after coherence time, the CSI obtained can only be

used in the same coherence time duration. Thus, if the time

required for probing a receiver consumes a significant @orti

of the coherence time, then probing only a small number of

: ) . . . . receivers may provide the optimal throughput. On the other
The problem is to design a joint probing and transmissiqihng, if the time required for probing is a small fraction of

strategy that maximizes the long-term average system@irouhe coherence time, then probing a larger number of receiver
puf’. Such a strategy is called optimal. Since the system is i.iglay e optimal as it allows us to discover receivers with high
across time slots, maximizing the long-term system thrpugh channel gains and thereby achieve high throughput. Moreove

is equivalent to max_imizlin.g the average throughput in eagh Example 1, policyr; can be easily modified to provide
slot. For notational simplicity, we consider any given sdotl  petter throughput in the following way. If at the first probe,

drop time¢ from the notation. _ 7 finds a receiver to which transmission at rate 2 is possible,
Assume that the channels of users inBdtas been already then it does not probe the second receiver as no further

probed, and that the state of the best of the probed chamelgyprovement in the transmission rate is possible. Note that
u (we say that the system is in state, u)). Then a strategy ith this modification;r; achieves throughputc%f (1 _ 1_70 )

whereP denotes the set of probed users in that slot, |#jds
the cardinality of this set. We denote Bythe set{1,..., N}\
P

m decides one of the following possible actions: instead of (1 — 23). This shows that the decision to probe
(i) transmit to the user with the best probed channel, further should depend on the channel states observed in the
(i) transmit to a user that has not been probed, previous probes.

(iii) probe one more user from the sgt Another challenge in designing an optimal probing and

In cases (i) and (ii), we say that wetire. In cases (ii) and transmission strategy is that of deciding the sequence iohwh
(iii), the strategy has also to define to which user to transnfieceivers should be probed. In Example 1, we have consider
and which user to probe, respectively. We denotd ByP,«) i.i.d. channel states, and hence probing sequence does not
the average throughput achieved by strategtarting from matter. But, in the following example we demonstrate that
system statgP,u). Also denote byT*(P,u) the average when the channel states are independent across receiuéers, b
throughput of an optimal strategy starting from systemestatlo not have the same distribution, then the sequence in which
(P,u). We are looking for an optimal strategy in the sense receivers are probed has a significant bearing of the adbleva

that 77" (0,0) = T*(0,0). throughput.
Now, using examples, we demonstrate the challenges inExample 2: Consider the same settings as in Example 1,
volved in designing the optimal policy*. except that the channel gains are not i.i.d. across reseiver

Example 1:Consider a broadcast channel with two reSpecifically, in each slot, let the maximum rate to receiilgr
ceivers experiencing i.i.d. fading. Specifically, let thexin be 2 w.p.(k—1)/k andk w.p. 1/k, and for receiveR; let it
mum rate of transmission in any slot be 1 with probability 1/Be 1 w.p.(2k — 1)/2k and 2k w.p. 1/2k. Now, the expected
and 2 w.p. 1/2 independently for each of the receivers givetansmission rates t®; and R are@ +1 and2’;—;1 +1,
that CSl is known to both, the transmitter and the receivegspectively. Thus, fok > 3/2, the expected rate t®; is
Also, let 3 denote the fraction of slot duration required tgtrictly greater than that t&,. Fix k > 3/2. In these settings,
probe a receiver and acquire its CSI. In these settings, wee would intuitively expect that probing; first should be
compare two probing and transmission strategiesand 2. optimal as it provides a higher expected rate, but we show
Underm, the transmitter probes both the receivers, and themat if 5 < %%’fkﬁ then probingR; first provides optimal
transmits to one with a higher rate. Ties are broken arliifrar throughput. Specifically, we show that the optimal policy
Underms, the transmitter probes one receiver at random, apgl in every slot, to probeR, first. If the achievable rate is
transmits to it at the maximum rate possible. Thus, poligy 2k then transmit toR,, otherwise probeR; and transmit to

spend=2/3 units of time per slot to acquire CSI, and transmiti at the appropriate rate. The expected throughputofis

at the expected rate of 7/4 in the remainder of the slot; while — ) + (1 — 25)%_ To show thatr* achieves the
72 spends only3 units of time per slot to acquire CSI, buthighest throughput, it suffices to compare it with poligythat
transmits at a smaller expected rate of 3/2 in the remainderggobesR; and transmits at appropriate rate, and with policy
the slot. Thus, the expected rate of transmission (throughpr, that probesR; first. If the achievable rate i%, then
underm; is 7(1 — 243)/4, while that underrs is 3(1 — 3)/2.  transmits toR;, otherwise probes?, and transmits to it if

Note that if 3 < 1/8, thenm; has a higher throughput thanthe achievable rate ik, else transmits tdz; at rate 2. Note

that the throughput of is (1 — 3) [@ + 1], while that
2As explained in Section V, we could also aim at maximizingieysutility,

. 2 . .
where the choice of a utility function depends our faimesgdive. of mpis (1 —-0)+ (1 - Qﬁ)?’k;#. It is easy to verify



that throughput ofrs is always smaller than that af*, while A. Results
the throughput ofr; is smaller than that ofr* when g <

81@37%- Thgs, sampling?, provides the optimal throughput

for 8 < ge2a—s. [

The above example demonstrates that the system through
depends on the sequence in which the receivers are probed.
The example also demonstrates that heuristics like probing
receivers in the order of their expected rates may not t{ﬁ)
optimal.

Assume that the system state &, «), where the subscript
k indicates thatPy| = k (k users have been probed already).

;ﬂlt If we decide to transmit to a probed user, we should
transmit to the user with the best channel state, i.e.,

In that case, the throughput would B&; (Py, u) = (1 —

kEB)R(u). _

If we decide to transmit to an un-probed usee Py,

then the throughput would Be T, (Py,u) = (1 —

C. Related Work and Our Contributions kEB)E[R(C;)]. Of course, it is optimal to transmit to

The problem of identifying optimal joint probing and trans- e user with the highest expected channel state, in
mission strategies has been addressed in the literatuge onl Which case the throughput becom@g(Py, u) = (1 —
recently [9], [L1], [5], [6], [3]. It falls into the broad cks of _ *A)maxiep, E[R(CH)]. _
stochastic control problems [2]. However, as explainedzin [ (i) Finally, if we decide to probe another user Py, then
it does not correspond to any of the existing classical abntr ~ the optimal expected throughput we can achieve, given
problems such as multi-armed bandits, optimal samplingrord that we make this ch0|9e and that the channel §tate of the
or optimal stopping problems. In the various versions of the Newly probed channel is;, would bé: T* (P, U{i}, uv
multi-armed bandit problems [10], [12], acquiring the stat ci)-
of an arm (or of a channel here) before using it is ndfow it can be easily seen that the maximal expected through-
allowed. Optimal sampling order of random variables haymut 7* (P, u) satisfies the following recursion equation (for
been investigated in many contexts, see e.g. [1], [8]; hewevall k&, P, andw):
in all existing work, these variables can take 2 values only

(On or Off channels here), and exploiting a variable that has T*(Pr, u)
not been probed is not allowed. Finally, in usual stoppintgti
problems [4], one has to select between two possible actions = max { Tix(Pk, u), Tg(Pr, u),

proceed further or stop; this can be applied to our problem

only when all channels are equivalent [11], i.e., when they " .

have the same statistical distribution. The latter assiomps o {B: [T (P U i}, u v Col} }’ (1)
never valid in practical scenarios. In any case, stoppimg ti

problems are very challenging and most of them are open [@lhere E;[-] is the expectation taken with respect g.

In this paper, we provide the detailed analysis of the stecha hus, in each statéP, ), 7* chooses the control decision
tic control problem: we first give general structural prdjgsr corresponding to the term that achieves the maximum in (1),
of the optimal strategy. We then exactly characterize thésg., if 73.(Px,u) achieves the maximum then the optimal
strategy in specific but relevant cases where the distdbatof decision is to transmit.
the various channels aoedered(in a sense that will be defined Note that when the possible channel states is finite for
later). We illustrate our findings with numerical resultgldn each user, it is indeed possible to solve (1), and thereby
nally propose several interesting generalizations of tbeeh obtain an optimal strategy. But, the brute force computatio
for example, to introduce some fairness constraints amohgs exponential (in terms of number of users) complexity as
the various receivers, we propose a strategy maximizing tthee quantity?™* (P, «) has to be evaluated for every subset
system utility rather than its total throughput. The deigil P;. So, deriving properties of optimal strategies is crucial,
analysis of the latter strategy is left for future work. either to exactly characterize these strategies or to eetheir
computational complexity.

Define: Ty, () 0 (Pr, w) = (1 = (K +1)3)E;[R(u Vv Cy)], for
_ _ _ i € Pr, andTpy ir(Pr,u) = (1—(k+1)p) max; 5, Ei[R(uV

In this section, we state some structural properties thaf)). Ty e (Pry u) is the expected throughput that can be
an optimal probing and transmission strategy should havghieved, starting from statéPy, u), when we probe just
Specifically, when the system is in some stele u), we will  gne additional usei € P, and then transmit to the best
give conditions under which an optimal strategy shouldegithprobed user. We will show that in a large number of states, it
transmit to one of the probed users, or transr_n_lt to an unqmrobsffices to consideF,, i, (P, u), rather tharl™* (P, u) in (1).
user, or probe another user. These conditions do not fullynce unlikeT*(Py, ), Tpr.i(Pr, u) can be computed with

characterize an optimal strategy, as it remains to definetwhicomplexity O(V), this considerably reduces the complexity
user to probe next if the strategy decides to probe furthee. Tof computing an optimal strategy.

latter question is a much more challenging issue than aherivi
the basic structural properties of an optimal strategy, iind 3gypscript g indicates "guess”.
will be addressed in the next section. 4We use the notatioa V b = max(a, b).

Il. STRUCTURAL PROPERTIES OF THEOPTIMAL
STRATEGY



Theorem 1:Let (Pj,u) be the system state. B. Proof of Theorem 1

(@) Assume thally,r i (Pr, u) = max{Ti(Pk,u), T(Pr,u)}.  To prove Theorem 1, we use the following two lemmas,
The optimal decision is to probe an additional user frofjnose proofs are given in Appendices | and I1.

P Moreover, if Ty (Py,u) > Tg(Pr,u), then after prob- iy the setp;, and let us defin®;, as follows:

ing, we also have in the new system state, §By,1,u’),

Tir(Prt1,v) > Tg(Pry1,v'). In words, in this case, an Dy = {u: Tee(Pr,u) = Torte(Prsu) }- 2
optimal strategy will never transmit to an un-probed ch&anne | emyma 1: There EXiStSpmax(Pr) such thatDy, = {u : u >

(b) Assume thafli, (P, u) > max{Ts(Pk, u), Tprtr(Pr,u)}. Umax (Pr) -

The optimal decision is to transmit to the ugein P;, such Lemma 2:Fix any sequence of sets of probed users such
thatc; = u. thatPy., = PrU{i} for somei € P}, for k € {0,..., N—1}.

(c) Assume thatly(Py,u) > Tir(Pk,u) = Tprax(Prou).  We have: for allk, Dy C Dyyq, OF equivalentlyumax(Pr) >

The optimal decision is to transmit to the un-probed usgr = (p, . .).

maximizing Ty (P, u). Now, let us prove Theorem 1. The first statement in (a)

The above theorem shows that the optimal control decisi(r)]rcl)ldS since:

can be obtained using only the one-step-look-ahead thputgh Tor,tr (P, w) < max {E; [T*(Pr U {i},uV Cy)l},
Tor,tr(Pr,w) in most of the stategPy,u). Indeed, one of i€Py

the consequences of the theorem is that when guessing isamd in view of (1). For the second statement of (a): without
allowed, i.e., the sender can transmit to one of the probkxs of generality, lefj denote the new probed user, and
users only, then the optimal control decision is charantekri the observed channel. Note that by assumption, we have:
by using the one-step-look-ahead throughput in all theestat

Thus, Theorem 1 plays an important role in reducing the R(u) 2 ?el%fE[R(Ci)]’

computational complexity of determining the optimal pyglic which implies that:

When guessing is allowed, Theorem 1 does not charac-  R(u v ¢;) > maxE[R(C;)] > max E[R(C)].
terize the optimal control decision is stat€®;,u) only i€Pk 1€P ki)
when Ty (Pr,u) > Tpree(Pr,u) > Tiw(Pr,u). Using the The last inequality is equivalent to the desired result.
following example, we demonstrate that in these states tRew to prove (b) and (c), we assume th&g (P, u) >
optimal decision can not be characterized using one-stef-I 7, . (P, ), and show that the optimal decision is to retire.
ahead throughput alone. Specifically, we show that to guadsre precisely, ifT,(Px, u) > Ti(Pk, u), the optimal deci-
and transmit may not be the optimal decision even whejon is to transmit to the best un-probed user, otherwise the
Ty (Pr,u) > max{Tyr,er(Pr, ), Ter (P, u). optimal decision is to transmit to the best probed user.
An important remark is that starting from sta®y, u), if
e optimal strategy does not immediately transmit to an un-

¢ brobed ® and th h bed ith probed user, then it won't transmit to an un-probed user late
Shet% pro he USF N an rt] € rr]atmdtot € prr? ed user W',t (since when one probes, the set of un-probed users and the
the best channel. Note that hesedenotes the transmissiong, o remaining for transmission reduce). As a consequence,

rate and not the channel gain as assumed before. This chapge | computing fof* (P, UP, ') for any non-empty seP
can be made without loss of generality B$:) is monotone and anyu’ > u, we do not n;eed to account for any of the
increasing. Let the system state i },0) and let the distri- 7 i the ’recursion %

& .

butions for the remaining two users be as follows: = 2k Fix any arbitraryPy_; > P, and let us assume that the

‘f""p' 1/k and O othkerW|seC|\3] =k W.p. 1r<kt;nd 0 other_W|se, users inPy_; are probed. Then, the resulting system state
or some constant > 1. Now, note that7i({1},0) = 0, g (Pn—1,Vicpy .c;). Note thatViepy ¢ > u asu —

T.({1},0) = 2(1 — ) (achieved by transmitting to user 2)’\/i€73kci and Py, C Py_1. Thus, by Lemma Lyicp, .c; €

and Ty, ({1}, 0) = 2(1 — 25) (achieved by probing user 2)-p "and by Lemma 2V D Thus. by (2
Now, we show that guessing and transmitting to user 2 is not” y ViePy 16 € EN-1- by (2),

the optimal decision in the staté1},0). To see this consider — Ti(Pn—_1, Viery_,¢i)
a policy that probes uses, and if the system state becomes > Torte(PN_1,ViePn_.Ci)

Example 3:Let us consider a broadcast channel with thretﬁ
users. For simplicity, let the system stgte,«) denote the

({1,3}, k) then transmits to user 3, else guesses and transmits _ BIT, Uit vy, Ve

to user 2 in system statg1,3},0). Note that the expected z-é%?\,): (BT (Py—1 U {i}, Viery_,ci v Ci)}
throughput of this policy is(1 — 23) [1+2 (1 — 1)]. Thus, = max {E[T*(Py_1 U {i},Viepy iV Ci)}.
When§ > %, m achieves higher expected throughput €PN 1

than the policy which guesses and transmits to user 2 in stgig |ast relation follows because after probing the last,use

({1},0). Specifically, when3 = 1/20, k has to be greater the optimal decision is to transmit as it is the only decision
than 3 form; to achieve the higher expected throughput.  Now, from (1), it follows that if N — 1 > k:

Next, we present the proof of Theorem 1. T*(Pn-1,Viepy_1¢i) = Ttr(PN—-1, Viery_.¢). (3)



Note that (3) holds for anfPy_1 D Pi and for any values of Theorem 2:If the channels are stochastically ordered, then

the¢;'s for i € Py_1 \ Pg. when Ty o (Pi,u) > Tyu(Pr,u) > Te(Pr,u), then the
Next consider any statéPy 2, Viepy_,¢;) that can appear optimal decision is to probe usérc P, such that for all

after probingN — 2 users starting from{(Py,u). As argued j € Py, C; <y C;.

before, here also we can conclude thatp, ,c¢; € Dy_o. Before proving this result, note that it provides a full

Thus, description of the optimal probing and transmission styate

when transmitting to an un-probed user is not possible. We

Tix(Pn—2, ViePy i) summarize this policy in the following corollary.

> Torr(PN—2, ViePy_»Ci) Corollary 1: When transmitting to an un-probed channel is
=  max {]E[Ttr(PN,2 U {i}, Viepy_,Ci V Ci)]} not possible and when the channels are stochastically extder
€PN -2 the one-step-look-ahead strategy is optimal, when thesyst
=  max {E[T*(Py_2U{i}, Viepy_,ci V C)]}. is in state(Py, u):
€PN =2 () W Tprtx(Pr,u) > Tix(Pr,u), then we should probe the
Then if N — 2 > k, Tu,(Pn-2,Viepy_oCi) = stochastically largest un-probed user,
T*(Pn-2,Viepy_,ci).- By induction down tok + 1, we (ii) otherwise, we should transmit to usérc P, such that
show tha@tr(Pk+1, viEPk+1ci) = T*(Pk+1, \/iEPk+1ci)v and C; = U.
finally deduce that: Note that the stochastic ordering of the channels play an

" _ important role in determining the optimal probing sequence
" (Pr, u) = max{Tir(Pi, u), Tg (P ), Torx (Pr, )} When the channels are not stochastically ordered then prob-
This completes the proof. m ing user that achieve$y, .(Py,w) may not be optimal as

demonstrated in Example 2.
IIl. OPTIMAL PROBING SEQUENCE

Theorem 1 provides useful guidelines to decide when &) Proof of Theorem 2
transmit to a probed or un-probed user, or when to probeThe result of Theorem 2 seems quite intuitive. However, as
a new user. This decision depends on the one-step-logkten in stochastic control problems, its proof is far frogirty
ahead expected throughput. Nevertheless, it is in genergl vstraightforward. In the simpler case of linear probing cts
difficult to know which user to probe next when probing iguthors of [5] could not come up with a simple proof of similar
optimal. We provide an answer to this issue in practicalfgsults. Here with non-linear cost, it is more complicated.

relevant cases. We prove the result by induction on the number of un-
_ probed users. When this number is equal to 1, the result
A. Stochastically Ordered Channels holds since we can only probe this user. Now assume the
We first introduce the notion of stochastically orderetesult holds when the number of un-probed users is strictly
channels. smaller thanV — k. Denote by(Py, u) the system state. Since

Definition 1: The channels of th&" users are stochastically T}, +, (Px, v) > Ti(Pr, u), We haveu < umax(Py). Define
ordered if there exists a permutatiorof {1, ..., N} such that for all 4, j: a; = Umax(Pr U {i}), &; = umax(Pr U {j}), and
for all o(i) < 0(j), Coy) <st Co(i), Where<y; denotes the o = umax(Pr U {7,5}). Note thata; > «;. Finally we denote
usual strong stochastic orderfg by j the stochastically greatest userfy, and leti € P, with
Without loss of generality, when the channels are stochasti j. If u > «;, then after probing or j, we should transmit.
cally ordered, we assume that the permutatiosic (i) = for It is then optimal to probg. From now on we assume that
all i. Note also that having a stochastic order on the channels< «;.
is equivalent to having a similar order for the correspogdin We compare the expected throughput obtained starting from
rates (i.e.,C; <s C; iff R(C;) <s R(C;)). An example of state(Py, ) (a) when first probing and thery, and (b) when
ordered channels is when one can wiite= E[C;]Y; where first probing;j and then:.
the random variableg;’s are i.i.d. copies of a positive random , In scenario (a), probingresults in a channel statg. By
variableY’, i.e., when the channels have similar distributions  induction, we know that the next user to probe should be
but different means. This is a quite usual fading model in ;. Then if z; > «;, we should not probg and transmit.
wireless networks. If #; < a;, we should probg. Denote byxz; the state
of channelj. If vV 2; Vz; > «, we should transmit;
otherwise we should probe further.
« In scenario (b), we first probg. If z; > «;, we should
transmit. Otherwise, we probeThen ifuvaz; Ve; > o,
we transmit; otherwise we probe further.
’\1/Ve just need to compare the expected throughput in scenarios
(a) and (b) in cases where we transmit after probiagd/or;.
5X <. Y if and only if for all increasing functiory such tha2[f(Y)] < T his is simply due to the fact that if we have to probe further
+oo, E[f(X)] < E[f(Y)]. afteri andj, the systems (a) and (b) are identical. Denote by

B. Optimal Probing Strategy

When the channels are stochastically ordered,('e>
... > Cn, we can prove that we should always probe the
stochastically largest un-probed channel. So we shoulbdeoro
the users in increasing order. The result is formalized @ t
following theorem.



T (u) andT® (u) the expected throughputs in scenarios (ajote that the difference betwe&(v) and G+ (u) may come
and (b) when we do not probe more users thamd j: from the variation ofF;, which may imply a modification of
«;. The latter modification holds only in the very specific cases

(a)
W whereay o E[R(a: v C;)] = ars1 R(a:), which simplifies the
- ak+1/ dF;(z)R(z) analysis.
o From (4), we conclude tha&* (u) > 0. [
+ak+2/0 dFi(I)/O AEj(y)LuvavyzaR(uV 2 Vy), IV. NUMERICAL RESULTS
®) In this section, we give some numerical experiments illus-
% (u) trating the theoretical findings of the previous sectiong W
_ ak+1/ dF;(z)R(z V u) compare th.e following probing and tr_ansmlssmn strategies
o (a) the optimal strategy when guessing is allowed, whose

@ o0 computation is based on the results of the previous section;
+ak+2/ dF; (I)/ dF;(y)Luvavy>aR(uV 2V Y), (b) the optimal strategy when guessing is not allowed; (€) th

0 0 strategy where all channels are probed before transmission

whereaj, = (1—kf). We want to prove tha(u) = T")(u)—  (d) the strategy where no channel is probed, i.e., where the

T (u) > 0. transmission is made on the channel with the highest average
Lemma 3:For all u < «;, we haveG(u) = G(0). state.
Proof: First note that when, < «, then7(*) and T(*) We consider an asymmetric fading scenario: the channel

are independent of, and so isG(u). Now assume that < states of the various users are exponentially distributgd b
u < a;. The first terms il(*) andT(*) do not depend om. \ith different means. We further assume that these averages
Furthermore their second terms are respectively equal to: are ordered, i.e., the channels are stochastically ord@iesl
i oo averages are linearly decreasing with the channel indEwpr
ak+2/0 dFi(ff)/O dF;(y)lavy>aR(z V y) a given channel state, the corresponding rate follows Skrann
formula (P = 40dBm, Ny = —100dBm, W = 1). With a path
—// dF;(x)dF;(y) (R(x Vy) — R(u)), and  |oss exponent equal to -3.5, the user with the worst average
N channel is located roughly 2 times further from the trantamit

ak+2/ dF; (x)/ dF;(y)1pvy>aR(z V y) than the user with the best channel. _

0 0 In Figure 1, we present the average throughputs of strategie

_ // dF;(z)dF;(y) (R(z V y) — R(w)), (a)-(d) when the num_ber of users grows and for different
au values of3, the proportion of slot required to probe a channel.

Note that the optimal strategies with or without guessingeha
very similar performance except when the probing cgst

is very large. In fact, in this example, it turns out that the
optimal strategy transmits to a un-probed user very rarely,
and only when a lot of users have been probed already and
when the observed channel state is still low. This obseymati

is confirmed in Figure 2: here we consider the case where
0 = 0.05 and N = 20 users. The curve T(probe,transmit)
represents the value of the maximum channel state for which
it is better to further probe than transmit to an already ptbb
user. T(guess) shows the maximum channel state for which it
is optimal to guess and transmit to a user that has not been
probed.

whereT'(a,u) = {(z,y) : a« < z,y < u}. We deduce that
indeedG(u) is independent oft whenu < «;. [ |
We now state the key lemma to conclude the proof.
Lemma 4:For all w such thate; < u < «;, G(u) > 0.
Proof: We prove the result in the discrete setfingsing
a perturbation approach. Without loss of generality,Nebe
the channel state space. Denotehyl) the probability that
the channel of useris in statel. Observe that wheh; = I},
the result holds. Now we assume the result is truefpand
show that increasing stochastically; does not change this
conclusion. We usé«“Jr defined by: fore > 0, for a particular
lo € Nin the support off}, p ( 0) = pj(lo) — € pj Tlo+1) =
pi(lo + 1) + € and for alll ;é lo,lo + 1, p; (1) = pi(). If
Cf ~ Ff, thenC; <, Cf. ¢ is meant to be chosen as smally ExTENSIONS IMPOSING FAIRNESS AMONG RECEIVERS
as we W|sh Note that usmg this kind of perturbations, we
can start fromF; and modify it to obtainF; (it can be easily SO far, we have proposed a strategy maximizing the long-
proved by coupling arguments). Now it can be shown that tirm system throughput. To impose fairness among users, we

function G+ (u) obtained withF;" instead ofF; is such that: May aim at maximizing utility instead. Let' be a concave
non-decreasing function, and denote #3yt) the throughput

G*(u) received by usef under strategyr in time sIott The long-
> G(u) + o(e) term throughput of user is then¢’T = lim}’, 417 (t). Now
tex Liysa(R(lo+1)— R(lo)) (a1 —arsoFi(ai V 1o))4)  the objective is to maximiz&_ ", U(¢T). Denote byT{f_(t) _

B the expected (with respect to the channel state distribsio
8Proof for the continuous setting is similar. throughput received by user We propose the following
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Fig. 1. Average throughput of the various strategies as tmeber of users

N increases - Exponential channels with different meags= 0.1 (upper
figure), 0.05 (middle figure), 0.02 (lower figure).

gradient algorithm: each time slot do

N
max y [ T7(t) x U'(E:(1)), (5)
Li(t+1) = (1 —n)t(t) + nti(t). (6)

Note that solving (5) is equivalent to maximizing a weighted
sum of expected throughputs each time slot. This can be done
as in Sections Il, lll. We let the analysis of the proposedalg
rithm, and in particular its convergence towards the optimu
whenn tends to 0, for future work. Note that the optimization
problem considered is convex (to ensure the convexity, we ca

make use of strategies with probabilistic decisions).

Tfprobé, trar\smitﬁ —
T(guess)

Decision thresholds
N

0 2 4 6 8 10 12 14 16 18 20
Number of users already probed

Fig. 2. Decision thresholds as a function of the set of alrgabed users
- 8 =0.05, N = 20 users.

APPENDIX |
PROOF OFLEMMA 1

Proof: Let u € Dy and consider any,’ > u. Note that
the condition

(1= kB)R(u) = (1 - (k+ 1)) max {Ei [R(uV Ci)]}

implies that
(1= kB)R(u)
> (1= (k+1)P)E; [R(uV ;)] Vi€ Py,

(= + 1) [ROFW + [ AR

Y

(1— (k+1)8) [R(u)Fi(u') + OO R(:v)dﬂ(:v)] .
Thus, (1 — kB)R(w)[1 — F;(«)]

> (=) [ R@)AR @) - 55 RV C).

From the above inequality we can conclude the following.
(1 = kB)R(u')[1 — Fy(«)]

> (1-k9) [ RG)dF() - 0B (R v C). ()
Relation (7) holds for every € A;, and the lemma is proved.
Note that to obtain (7), we used the fact that) and F;(-)
are monotonically hon-decreasingqin ]

APPENDIXII
PROOF OFLEMMA 2

Proof: The proof is by contradiction. Assume that there
existu such thatu € Dy, butu & Dy11. Thus,

(1—(k+1)B)R(u)
< (1-=(k+2)p) Zlen%ax {E; [R(uV C;)]},
= (1 = kB)R(u) — BR(u)
< (1=(k+1)p) ien%ax {E; [R(uV C;)]}
—ﬁier%ax {E; [R(uV C})]},



= Tie(Pr,u) — BR(u)
< (1-=(k+1)p) max {E: [R(uV Cy)]}
—»5’1_;%&)( {Ei [R(uV Ci)},
= Ttr(Pka u) - ﬁR(u)
< Tprpe(Pr,u) — ler%ax {E; [R(uV C))]},
= Ttr(Pk, u) — Tpr,tr(Pk7 u)
< PBR(u) — 8 max {E;[R(uV )]}

PE€EP k41

= 0< |R(u) — max {E;[R(uV C;)]}

iGPk+1

Note that the last relation above provides the requiredraent
diction asu < (u Vv C;). |
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